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Dear Sir/Madam,  

With this letter, we are pleased to submit the manuscript “A THEORETICAL AND EXPERIMENTAL 

INVESTIGATION OF CONTINUOUS OIL-WATER GRAVITY SEPARATION” authored by Moein Assar, 

Hamidreza Asaadian, Milan Stanko, Brian Arthur Grimes to be considered for publication in Chemical 

Engineering Science. 

Our manuscript introduces an innovative model for a continuous gravity separation of oil-water emulsions 

based on population balance modeling, emphasizing the formation of the dense-packed layer as well as a 

new mathematical description of the interfacial coalescence rate. The model is comprehensive and fully 

covers various conditions such as different flow regimes as well as steady and transient cases. Additionally, 

the model is compared to the experimental results for a multi parallel pipe separator which shows 

promises. 

 

We look forward to hearing from you. 

 

With best regards, 

Moein Assar 

Cover Letter
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We would like to thank the respected reviewers and editor for their constructive comments. These 
comments have enhanced the quality of the work. We are sincerely pleased with the reviewing 
process and would like to express our kindest regards. We tried our best to consider and implement 
the comments carefully. The followings are the clarification for the comments. 
  
  
Reviewer #1:  
- On page 4 you say: "The model proposed in this study is distinctive in its incorporation of both 
dispersion and creaming in oil-in-water and dispersion and sedimentation in water-in-oil emulsions, 
ensuring its generality. However, for the purpose of comparing with experimental data, the model 
exclusively considers creaming in oil-in-water emulsion." But, how is the transfer of droplets 
between both dispersion layers verified? What would happen if a dense packed layer of water 
formed on top of a dense packed layer of oil? 
Authors’ Reply:   
Thank you for your feedback. As described in the manuscript, the model is developed as a general 
approach to account for both the oil-in-water and water-in-oil dispersions coexisting in the 
separator. This includes the mutual transfer of water droplet from top dispersion layer to the 
bottom dispersion layer and oil droplets from the bottom dispersion layer to the top at the interface. 
Therefore, the model's assumptions are broad and inclusive.  
However, when applying the model to real-world experiments, we adjusted it based on our 
experimental observations that no water-in-oil dispersion is formed for the studied cases. 
Consequently, we considered that the top layer to be pure oil while the bottom layer is an oil-in-
water dispersion. This consideration is stated in Section 5. 
This modification is based on the nature of the dispersions encountered under the operating 
conditions used, which did not produce a stable water-in-oil emulsion. Accordingly, we only 
considered oil droplet transfer from the bottom dispersion layer to the top pure-oil layer. While we 
do not have mutual transfer of droplets between both dispersion layers, we have accounted for the 
transfer of oil droplets from the bottom layer to the top layer. 
However, validating such cases with two dispersion layers in contact with mutual droplet transfer is 
indeed an interesting topic for further research. We have addressed this gap in the conclusion and 
plan to explore it in future projects. 
 
 
- About equation 7: How does the last term on the right side of equation 7 originate (or how does it 
appear)?  
Authors’ Reply:   
Here, we have prepared a simple derivation for equation 7. Please note that to make it simpler and 
because the main concern is the last term of the equation, all the breakage and coalescence terms 
are ignored here. 
Consider a closed system with inlet and outlet flow. We can set up the mass balance equation as 
follows: 
 

𝑎𝑐𝑐𝑢𝑚𝑢𝑙𝑎𝑡𝑖𝑜𝑛 = 𝑖𝑛𝑓𝑙𝑜𝑤 − 𝑜𝑢𝑡𝑓𝑙𝑜𝑤 
This can be expressed as: 

𝜕[𝑉𝑓𝐼𝑆,𝑖(𝑟𝑖, 𝑡)]

𝜕𝑡
= 𝑄𝑖𝑛𝑓𝑖𝑛,𝑖(𝑟𝑖, 𝑡) − 𝑄𝑜𝑢𝑡𝑓𝑜𝑢𝑡,𝑖(𝑟𝑖, 𝑡) 

where: 

 𝑓𝐼𝑆,𝑖(𝑟𝑖, 𝑡) is the droplet size distribution (DSD) of droplet size 𝑟𝑖 inside the system. 

 𝑓𝑖𝑛,𝑖(𝑟𝑖, 𝑡), and 𝑓𝑜𝑢𝑡,𝑖(𝑟𝑖, 𝑡) are the inlet and outlet DSDs of droplet size 𝑟𝑖 at the inlet and 
outlet, respectively. 

 V  is the volume of the system. 
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 𝑄𝑖𝑛 and 𝑄𝑜𝑢𝑡 are the volumetric flow rates to and from the system, respectively. 
Considering that the volume of the system is constant (meaning that 𝑄𝑖𝑛 = 𝑄𝑜𝑢𝑡) and assuming the 
system is well-mixed and spatially homogeneous, we can consider the outflow distribution equal to 
the system droplet size distribution. Accordingly, the balance equation takes the following form: 

𝜕𝑓𝐼𝑆,𝑖(𝑟𝑖, 𝑡)

𝜕𝑡
=
𝑄𝑖𝑛
V
[𝑓𝑖𝑛,𝑖(𝑟𝑖, 𝑡) − 𝑓𝐼𝑆,𝑖(𝑟𝑖, 𝑡)] 

 

Since 
𝑄𝑜𝑢𝑡

V
is basically the inverse of the residence time, we get the final equation as: 

𝜕𝑓𝐼𝑆,𝑖(𝑟𝑖, 𝑡)

𝜕𝑡
=

1

𝑡𝑟,𝐼𝑆(𝑡)
[𝑓𝑖𝑛,𝑖(𝑟𝑖, 𝑡) − 𝑓𝐼𝑆,𝑖(𝑟𝑖, 𝑡)] 

 
 
- On page 9 you say: "In other words, if the geometric design of the inlet section allows for a 
residence time long enough to allow the coalescence and breakage mechanisms to equilibrate in the 
flow field of the inlet section, then the inlet drop size distributions from the upstream are 
irrelevant." In that case, how would the size distribution at the entrance to the separation section be 
calculated?  
Authors’ Reply:   
For steady-state conditions, three phenomena affect the equilibrium droplet size distribution (DSD): 
breakage, coalescence, and the effect of the inlet DSD. The extent to which they contribute to this 
equilibrium DSD can be quantified using the dynamic time constants of these phenomena. 
Consider a scenario where the breakage and coalescence phenomena occur very rapidly (likely due 
to a high turbulence dissipation rate in the region) compared to the residence time available for the 
inlet DSD to influence the equilibrium DSD. In this case, the equilibrium DSD will be governed 
primarily by breakage and coalescence, and the effect of the inlet distribution can be disregarded. 
Therefore, the equilibrium DSD can be calculated by ignoring the last term in Eq. 7. 
This has now been added to the manuscript. 
 
 
- Regarding equations 23 and 24: Why do the two layers have different geometric treatments?  
Authors’ Reply:   
Thank you for your feedback. As described, the geometries formed in a three-phase separator are 
complex 3D structures. To apply a simpler 2D model, we need to perform geometrical averaging to 
align these complex shapes with a more computationally manageable 2D mathematical model. 
In our opinion, the most important factor in this averaging process is the distance a droplet needs to 
travel from any point within the domain to the interface. To derive a sensible value, especially when 
dealing with a dispersion layer in contact with the curved bottom or top of the separator, we 
decided to average the distance from this curved surface to the interface while maintaining the 
same area of the section. This ensures that the velocity remains consistent, resulting in Eq 23. 
However, when dealing with a dispersion layer in the middle of the separator (water-in-oil), where 
the bottom is a liquid-liquid interface and the top is a gas-liquid interface (both being flat), we set 
the height of the domain equal to the distance between these two flat levels (Eq. 24). 
This approach is the most logical method we devised. We have provided details about the underlying 
rationale behind this choice in the manuscript. 
 
 
- About equation 73: since you keep the radius of the drop spherical, you do not consider the 
deformation of the drop in the DPL. What would happen if there was deformation?  
Authors’ Reply:  Thank you for your feedback. To calculate the force exerted from the DPL to the 
droplet, we have used the projected area of the droplet (𝜋𝑟𝑖2). Under the described conditions, 
where droplet deformation occurs, the assumption of a spherical droplet is not valid, and we may 



need to modify the force calculation to account for the increased deformed area. However, we have 
introduced a tuning parameter in Eq. 75, which may serve to handle such non-idealities in the 
assumptions. This has been added to the manuscript. 
 
- About equation 74: Is it necessary to add F_drop, if it is already considered in F_DPL? Also, F_drop 
<< F_DPL.  
Authors’ Reply:  Thank you for the feedback. As you correctly pointed out, mathematically, the 
magnitude of F_DPL is much higher than F_drop, allowing us to practically ignore F_drop. However, 
for the sake of explaining the process of formation of the DPL, we have kept it in the formula. The 
practical consideration for calculating force, based on your feedback, has also been added to the 
manuscript. 
 
- On page 26 you say: "Additionally, given the consistently turbulent flow conditions, a simplifying 
assumption of plug flow was adopted." Explain why when the flow is turbulent it can be assumed 
that the flow is piston type. No mixing in the z axis?  
Authors’ Reply:  Thanks for your feedback. Since we could not find any correlation for flow of liquids 
with a free surface, we have performed an analysis of the magnitude of axial dispersion according to 
turbulent flow inside pipe which is as follow: 
Here, let’s assume that droplet turbulent diffusivity is equal to the eddy diffusivity which is a good 
assumption when dealing with droplets that are small [Eskin et al. (2017). Chemical Engineering 
Science, 173, 12-20. http://dx.doi.org/10.1016/j.ces.2017.07.023, Eskin et al. (2021). Chemical 
Engineering Research and Design, 168, 71-83. https://doi.org/10.1016/j.cherd.2021.01.026]. The 
dimension less eddy diffusivity along the pipe radius can be calculated using the empirical equation 
proposed by [Johansen (1991). Int. J. Multiphase Flow, 17, 355-376] as below 

{
 
 
 

 
 
 𝜈𝑡
𝜈𝑓
= (

𝑦+

11.15
)

3

 𝑓𝑜𝑟 𝑦+ ≤ 3                                         

𝜈𝑡
𝜈𝑓
= (

𝑦+

11.4
)

2

− 0.049774 𝑓𝑜𝑟 3 < 𝑦+ ≤ 52.108 

𝜈𝑡
𝜈𝑓
= 0.406𝑦+ 𝑓𝑜𝑟 𝑦+ > 52.108                                   

 

where 𝜈𝑡 is eddy diffusivity,  𝜈𝑓 is continuous fluid kinematic viscosity, and 𝑦+ is dimensionless wall 

function defined as below: 

𝑦+ = (
𝜏𝑤
𝜌𝑓
)

0.5
𝑅 − 𝑟

𝜈𝑓
 

where 𝑅 is pipe radius, 𝑟 radius coordinate, 𝜌𝑓 continuous fluid density, and 𝜏𝑤 is wall shear stress 

defined as below: 

𝜏𝑤 = 𝑓
𝜌𝑓𝑢

8
 

where 𝑢 is average pipe velocity, and f is friction factor that can be calculated using Colebrook-White 
equation as below: 

1

√𝑓
= −2𝑙𝑜𝑔10 (

𝜖/𝐷

3.7
+
2.51

𝑅𝑒√𝑓
) 

We performed the calculations for a worst-case scenario with the following inputs: 

dynamic viscosity 1 mPa.s 

density 1000 kg/m3 

velocity 1 m/s 

pipe internal dia. 0.1506m 

pipe roughness 5x10-5 m 

We calculated the eddy diffusivity at the center of the pipe which is the highest value along the r 
axis. The value for eddy diffusivity is 0.00147 m2/s. 

http://dx.doi.org/10.1016/j.ces.2017.07.023
https://doi.org/10.1016/j.cherd.2021.01.026


Now, using this value, we can calculate the Peclet number as below: 

𝑃𝑒 =
𝑢𝐷

𝜈𝑡
 

The value for Peclet Number for this worst-case scenario is 150600 which is far more than unity 
meaning that advection is overwhelmingly dominant over dispersion in the system. This confirms 
that axial diffusion can be safely ignored in the model. 
The summary of this analysis is added to section 5 as another model consideration. 
 
 
- On page 27 the definition of "shrink rate" is missing.  
Authors’ Reply:  Thanks for your feedback. It is added to the manuscript. 
 
- In Figure 3, there is no conservation of mass in the cases of 300 and 500 L/min, because the volume 
of oil should be maintained above the height 0.05 when moving towards the outlet, given that it is 
70 % of the volume that enters and the total height is 0.15 m. Why don't you show the zone above 
the coalescence interface (the oil layer)?  
Authors’ Reply:   
Thank you for your feedback. As described in the manuscript, the model is developed as a general 
approach to take into account both the oil-in water and water-in-oil dispersions coexisting in the 
separator, with mutual transfer of water droplet from top dispersion layer to bottom dispersion 
layer and transfer of oil droplets from the bottom dispersion layer to the top one at the interface. 
Therefore, the model's assumptions are broad and inclusive. 
 
However, when applying the model to real-world experiments, we made an adjustment to the 
model based on our experimental data and experimental observations: 
 

 All experiments feature a single poly-dispersed layer, where water acts as the continuous 
phase. This choice is driven by the fact that the average oil fraction in all the experiments 
consistently remains below the inversion point. Consequently, the dispersion model is 
exclusively applied to the water-continuous layer, and it is inferred that the top layer 
consists of purely oil. Under this premise, it is also postulated that at the inlet of the 
separation section, the flow rate of the water-continuous phase aligns with the overall inlet 
flow of the separator. 
 

The above consideration is stated in Section 5. Based on this consideration, the bottom layer is an 
oil-in-water dispersion, and the top layer is pure oil. This means that we only have oil droplet 
transfer from the bottom dispersion layer to the top pure-oil layer. As a result of this droplet 
transfer, we should expect a change in the total volume of oil in the bottom layer over the length of 
the separator, as depicted in the volume fraction contours in Figures 3 and 4. This volume transfer 
from the bottom dispersion to the top pure-oil layer results in a decrease in the flow rate of the 
bottom layer and an increase in the flow rate of the top layer, as shown in Figure 5. 
Regarding the contours for the top layer, as discussed, it is a pure-oil layer, so there is no dispersed 
phase to be shown for this region. 
Therefore, the mass is fully conserved by considering the above arguments, specifically the transfer 
of oil droplets from the bottom layer to the top layer. Additionally, we have calculated and 
monitored numerical imbalances (details in the supplementary material), which confirms that mass 
is conserved in our simulations. 
More comments are added to the relevant Figures in the manuscript. 
 
- In Figure 4, since the volume of water entering is half of the total, that proportion should be 
maintained until the exit, but this is not observed in the cases of 300 and 500 L/min.  



Authors’ Reply:  Thank you for your feedback. Please refer to our response to the above comment. 
 
- Comments are missing for Figure 6. 
Authors’ Reply:  Thanks for your feedback, more info/comments are added for Figure 6.  

 

 
Reviewer #3:  
The topic is of big interest. The realized work is proper and handles several challenges to simplify the 
model to be practical and less computationally demanding. Experimental validation is provided, to 
validated the PBE and its sub-models as well as transport equations. Just few minor comments:  
 
- Why do the coefficients (for instance in equations 11, 12) depended on the layer i (e.g. k_b1,i)? 
Authors’ Reply: Thanks for your feedback. Initially, we intended to provide more tuning capability 
for practical purposes by using separate tuning coefficient for each layer, However, upon further 
consideration, we realized that the coefficients should primarily be a function of the inlet device 
type and flow rate, as indicated in the manuscript. Therefore, we have removed the dispersion layer 
functionality from the coefficients, so that it remains consistent for both layers. This is corrected in 
the manuscript. 
 
- The inlet section is turbulent. The separation section is "less turbulent", but it seems that laminar 
regime is considered as well (so a test is first done to evaluate the regime and select the required 
equations?).  
Authors’ Reply:  Thank you for your feedback. In order to maintain the generality of the model, we 
have included both laminar and turbulent models in our program and in the manuscript. As you 
correctly pointed out, a test is conducted initially to determine the flow regime. Since the flow rates 
and Reynolds numbers can vary along the length of the separation section, we only calculate the 
Reynolds number at the inlet of the separation section as the criterion for flow regime. This matter is 
now better described in the manuscript. 
 
- The reader may have a slight confusion between steady-state and transient (in equation 39 
transient, steady-state can be assumed, and in this case the model switches automatically to 
another solver?).   
Authors’ Reply:  Thanks for your feedback, as you correctly mentioned, the model automatically 
selects the appropriate solver based on the detected flow regime, as described above. This matter is 
now better described in the manuscript. 
 
- Some equations are required in both sections (inlet and dispersion), such as the apparent density 
and viscosity, if so, they can be moved out of these section?  
Authors’ Reply: Thanks for your feedback. We reviewed the matter. We confirm that the apparent 
density and viscosity are utilized only for the hydraulic calculation of the separation section. 
Therefore, we think they can be kept at their current location. 
 
- Figure 2: Precise which sections were simulated exactly.  
Authors’ Reply:  In the mathematical analysis and conducted simulations, only the descending pipe 
section and horizontal section are considered. This has been explicitly specified in the manuscript. 
 
- Eq. 76 does not provide a water-cut?  
Authors’ Reply: Thanks for your feedback. After carefully reviewing Eq. 76, we conducted a 
thorough cross-check and analysis. Our findings confirm that Eq. 76 indeed provides the water cut as 
intended. For more clarity, we have included a brief mathematical proof here. 
The dispersion density (𝜌𝑖) can be simply written as below: 



𝜌𝑖 = 𝛼𝑖𝜌𝑤 + (1 − 𝛼𝑖)𝜌𝑜 
where 𝛼𝑖 is water-cut, 𝜌𝑤 and 𝜌𝑜 are water and oil densities, respectively. 
Now, by substituting the above equation into the right-hand side of Eq. 29, it reads as: 

𝜌𝑖 − 𝜌𝑜
𝜌𝑤 − 𝜌𝑜

=
[𝛼𝑖𝜌𝑤 + (1 − 𝛼𝑖)𝜌𝑜] − 𝜌𝑜

𝜌𝑤 − 𝜌𝑜
=
𝛼𝑖𝜌𝑤 − 𝛼𝑖𝜌𝑜
𝜌𝑤 − 𝜌𝑜

=
𝛼𝑖(𝜌𝑤 − 𝜌𝑜)

𝜌𝑤 − 𝜌𝑜
= 𝛼𝑖  

 
 
- Figure 6: With WC=30%, there is a change of slope of the separation efficiency at flow rate 500 
L/min, what is the explanation of this?  
Authors’ Reply:  As described in the manuscript / supplementary material, our experimental data 
consists of six distinct operating conditions, each corresponding to flow rates of 300, 500, and 700 
L/min. The conducted simulations are specifically for these operating points. The observed slope 
pertains specifically to the condition at the intermediate flow rate. It is important to note that each 
experimental case has slightly different conditions from others, including droplet size distribution 
and liquid level. Consequently, we decided against simulating additional points between these three 
cases and making a smooth curve. More details have been provided in the manuscript also. 
 
- Figure 5: with WC=30%, the velocity is changing nonlinearly with the flow rate (not following eq 
29), probably it would be good to remind the equations used here, especially that the paper is long, 
to avoid confusions.  
Authors’ Reply:  Thanks for your input. The velocity is still adhering to the Eq. 29.  The apparent 
nonlinear with flow rate is due to variations in the liquid levels across the three cases. More 
elaboration is added to the manuscript with reference to Eq. 29.  
 
- The definition (wc: water-continuous and oc: oil continuous) before eq. 51 is not required (given 
before) (used few times). 
Authors’ Reply: Noted, Repetition is removed. 
 



 A model for a three-phase separator is developed using population balance modeling. 

 The model considers the inlet and separation sections for steady and transient cases. 

 The model is tested against experimental data for a pipe separator. 
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Abstract 

In this study, we have developed a mathematical model for a three-phase separator. The 

model consists of two sections: the inlet section and the separation section, separated by a 

perforated calming baffle. In the inlet section, two dispersion layers undergo droplet size 

evolution due to turbulent breakage and coalescence, described by a spatially homogeneous 

PBE. In the separation section, the two dispersion layers flow alongside each other and 

interact at an interface. The volumetric flow and velocity profiles are influenced by interfacial 

coalescence, with considerations for plug and laminar flow assumptions. The model 

incorporates droplet gravity-driven transport using the Kumar and Hartland model, binary 

and interfacial coalescence employing a film drainage model, and an effective diffusion term 

to account for the formation of the dense packed layer which ensures a physical volume 

fraction range of 0-1. Steady-state and transient numerical solvers are developed to solve the 

resulting advection-diffusion equations. Additionally, a series of experiments were conducted 

using a lab-scale multi-parallel pipes separator to investigate the impact of varying volume 

fractions and flow rates on the separation efficiency of the equipment. The model results are 

compared with the experimental data which shows relatively good agreement.  
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2 
 

1. Introduction 

Gravitational separators play a vital role in the crude oil industry due to their cost-

effectiveness and simplicity [1]. The significance of this process has been further amplified 

by the escalating production of water in existing oil fields and the extraction of heavier crude 

oil reserves. The behavior and stability of emulsions encountered in the petroleum industry 

can vary extensively, mainly due to the compositional variations in crude oil and water [2]. 

The aforementioned challenge has posed significant difficulties in developing an inclusive 

model for oil/water separation. Building such a model has proven to be a complex task due to 

the multitude of assumptions and varying levels of complexity involved.  

In their study, Wang and Davis [3] investigated a batch separation process that involved 

concurrent sedimentation and coalescence of droplets. They employed simplifications in their 

modeling approach, such as assuming a dilute dispersion and neglecting resistance to 

interfacial coalescence. Cunha et al. [4] devised their PBE model for simultaneous 

sedimentation and Brownian motion, considering stokes terminal velocity and binary droplet 

coalescence. They made several assumptions, including a proportional interfacial coalescence 

velocity with the height of the dense packed layer (DPL). Additionally, they introduced three 

tuning parameters for the droplet terminal velocity, binary coalescence rate, and interfacial 

coalescence rate to align the model with their experimental observations of a crude oil-water 

system. Grimes [5] developed a model by incorporating the hindered settling velocity model 

initially proposed by Richardson and Zaki [6], along with a film drainage model to account 

for simultaneous binary and interfacial coalescence. To handle the complex issue of the 

moving boundary arising from homophase growth, Grimes employed a temporal-spatial 

transformation approach. In a subsequent publication [7], the model's validity and accuracy 

were demonstrated through comparisons with experimental data. 

García and Betancourt [8] proposed their model by adopting various coalescence rates. They 

utilized the coalescence model of Rogers and Davis [9] for the sedimentation zone while 

coalescence rate by Ruiz and Padilla [10] was utilized for the DPL. The droplet slip velocity 

was estimated using the Kumar and Hartland equation [11]. Their model also incorporated a 

correction procedure to deactivate the coalescence birth term for unphysical volume fraction 

values exceeding unity. In a subsequent study, they expanded the model to simulate 

continuous separators [12]. Assar et al. [13] made another progress in this field by presenting 

a mathematical model for batch separation processes. They conducted a comparative analysis 



3 
 

of various models for droplet slip velocity and concluded that the Kumar and Hartland model 

yields better agreement with experimental data. Another important aspect of their work 

involves mathematical model for the formation of the DPL. To address this, they introduced 

effective diffusion into the model as an advection-diffusion equation. They selected a suitable 

closure model for the effective diffusion coefficient to ensure the physical volume fraction 

range (0-1). Finally, they fine-tuned the proposed closure model using experimental data 

obtained from NMR (Nuclear Magnetic Resonance) techniques with a wide range of water 

volume fractions (20-60%). 

An alternative approach in modeling involves the combination of the population balance 

equation and computational fluid dynamics (PBE-CFD) using readily available CFD software 

packages. Panjwani et al. [1] employed such a model to investigate the DPL in a continuous 

separator. Oshinowo et al. [2] applied a multi-fluid Eulerian multiphase approach to model 

batch separation and validated their model against experimental data obtained through the 

ultrasonic technique. In a subsequent study [14], they applied a similar model to a three-phase 

separator.  

The CFD-PBE approach encounters certain challenges due to its computational complexity 

and resource-intensive nature. These factors can pose limitations on its practical application 

in various engineering scenarios, including design, model tuning, facilitating scale-ups, 

process control, and process optimization. Moreover, incorporating the internal components 

of a three-phase separator, such as the inlet device or calming baffle, into these CFD models 

presents difficulties and restrictions that are often overlooked in related studies. However, the 

majority of industrial three-phase separators operate with these internal elements, which their 

presence significantly impacts the overall efficiency of the process. 

Accordingly, the development of an effective model for oil/water separation faces several 

challenges that need to be addressed. These challenges include considering dispersion in both 

aqueous and hydrocarbon phases, accurately defining the interfacial coalescence between the 

layers, accounting for hydrodynamic effects, addressing inlet device and turbulence-induced 

breakage at the inlet section of a separator, and ensuring computational efficiency and 

robustness for widespread use in various engineering activities. In the presented manuscript, 

we have made efforts to tackle these challenges by striking a balance between the complexity 

of the physical phenomena included in the model and computational efficiency. The proposed 

model aims to capture the underlying physical mechanisms in the system to a significant 
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extent, while still incorporating some tuning parameters to compensate for simplifying 

assumptions. This approach allows for a more comprehensive understanding of the system 

while maintaining practical usability and computational feasibility. 

Furthermore, a series of experiments were conducted utilizing a lab-scale multi-parallel pipes 

separator to investigate the influence of varying volume fractions and flow rates on the 

equipment's separation efficiency. Subsequently, the model predictions are validated against 

the experimental findings. 

 

2. Mathematical Model 

The three-phase separator is divided into two sections: the inlet section and the separation 

section, as depicted in Figure 1a. These sections are separated by a perforated thick plate 

usually known as a calming baffle. In the inlet section, the flow is typically turbulent and 

chaotic. The purpose of the calming baffle is to smoothen the flow, allowing droplets to 

coalesce and settle under the influence of the gravity. 

The model proposed in this study is distinctive in its incorporation of both dispersion and 

creaming in oil-in-water and dispersion and sedimentation in water-in-oil emulsions, ensuring 

its generality. Nevertheless, for the purpose of comparing with experimental data, the model 

exclusively considers creaming in oil-in-water emulsion. 

The sub-models for the two sections are as follows.  



5 
 

 

Figure 1. (a) schematic of a three-phase separator with oil-continuous, water-continuous and vapor phases, inlet 

and separation sections are separated using a calming baffle.  (b) inlet section encompassing an inlet device (c) 

geometrical averaging and transforming the circular segments to rectangles. 

 

2.1.Inlet section model 

Figure 1b illustrates the schematic representation of the inlet section in a separator. The three-

phase flow is delivered into this section through the inlet device. The assumption is made that 

the gas phase separates completely from the liquid phase. Furthermore, it is assumed that the 

liquid phase partially separates into two dispersions: oil-in-water (wc: water-continuous) and 

water-in-oil (oc: oil-continuous). These dispersions then undergo droplet size evolution as a 

result of turbulence-induced breakage and coalescence processes.  

 

2.1.1. Partial water-oil separation 

Becki et al. [15] introduced the concept of split factors to describe the partial separation of 

water and oil in the inlet section. These split factors, denoted as 𝜑𝑜 and 𝜑𝑤, are used to 

determine the flow rate and volume fraction of the oil-continuous and water-continuous 

layers. 𝜑𝑜 and 𝜑𝑤 are equal the volume fraction of the total oil in the oil-continuous layer and 

fraction of total water in the water-continuous layer, respectively. Typical values suggested 
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by Becki et al. for these split factors ranges between 0.7 – 0.9. The specific values of the split 

factors are not fixed and can vary depending on the inlet flow rate and flow regime as well as 

the inlet device type and design. However, these values are still constrained by the inversion 

point and the ability of fluids to form stable emulsions. Using these split factors, we can 

calculate the volumetric flow rates (𝑄𝑜𝑐, 𝑄𝑤𝑐) and the volume fractions of the dispersed phase 

(𝜙𝑜𝑐 , 𝜙𝑤𝑐) in oil- and water-continuous dispersion layers as follows: 

𝑄𝑜𝑐(𝑡) = 𝜑𝑜𝑄𝑜(𝑡) + (1 − 𝜑𝑤)𝑄𝑤(𝑡)       (1) 

𝑄𝑤𝑐(𝑡)  = 𝜑𝑤𝑄𝑤(𝑡)  + (1 − 𝜑𝑜)𝑄𝑜(𝑡)        (2) 

𝜙𝑜𝑐(𝑡) =
(1−𝜑𝑤)𝛼(𝑡)

𝜑𝑜(1−𝛼(𝑡))+(1−𝜑𝑤)𝛼(𝑡)
       (3) 

𝜙𝑤𝑐(𝑡) =
(1−𝜑𝑜)(1−𝛼(𝑡))

𝜑𝑤𝛼(𝑡)+(1−𝜑𝑜)(1−𝛼(𝑡))
       (4) 

where  𝑄𝑜 and 𝑄𝑤 are total oil and water volumetric flows, and 𝛼 is the water cut in the inlet 

liquid stream. Alternatively, if the volume fractions of the dispersed layers are known, the 

volumetric flow rates can be calculated using the following equations: 

𝑄𝑜𝑐(𝑡) =
𝑄𝑜(𝑡)−𝜙𝑤𝑐(𝑄𝑜(𝑡)+𝑄𝑤(𝑡))

1−𝜙𝑜𝑐−𝜙𝑤𝑐
        (5) 

𝑄𝑤𝑐(𝑡) =
𝑄𝑤(𝑡)−𝜙𝑜𝑐(𝑄𝑜(𝑡)+𝑄𝑤(𝑡))

1−𝜙𝑜𝑐−𝜙𝑤𝑐
        (6) 

 

2.1.2. Dispersion model 

The dispersions arriving to the inlet section partially split and go through droplet size 

evolution due to turbulence-induced breakage and coalescence mechanisms. The evolution of 

droplets size in each dispersion layer can be expressed by a population balance equation 

(PBE) for a spatially homogeneous chamber with inflow and outflow as below: 

𝜕𝑓𝐼𝑆,𝑖(𝑟𝑖,𝑡)

𝜕𝑡
= ∫ 2𝛾𝑡,𝑖(𝑟𝑖

′, 𝑡)𝛽(𝑟𝑖
′, 𝑟𝑖)𝑓𝐼𝑆,𝑖(𝑟𝑖

′, 𝑡)
𝑟𝑖

3

𝑟𝑖′3

∞

𝑟𝑖
𝑑𝑟𝑖

′ − 𝛾𝑡,𝑖(𝑟𝑖, 𝑡)𝑓𝐼𝑆,𝑖(𝑟𝑖, 𝑡) +

(
3

4𝜋
) ∫ 𝜅𝑡,𝑖(𝑟𝑖

′, 𝑟𝑖
′′, 𝑡)𝑓𝐼𝑆,𝑖(𝑟𝑖

′, 𝑡)𝑓𝐼𝑆,𝑖(𝑟𝑖
′′, 𝑡)

𝑟𝑖
5

𝑟𝑖′3𝑟𝑖
′′5

𝑟𝑖

√2
3

0
𝑑𝑟𝑖

′ −

(
3

4𝜋
) 𝑓𝐼𝑆,𝑖(𝑟𝑖, 𝑡) ∫ 𝜅𝑡,𝑖(𝑟𝑖

′, 𝑟𝑖, 𝑡)𝑓𝐼𝑆,𝑖(𝑟𝑖
′, 𝑡)

1

𝑟𝑖′3 𝑑𝑟𝑖
′∞

0
+

1

𝑡𝑟,𝐼𝑆(𝑡)
[𝑓𝑖𝑛,𝑖(𝑟𝑖, 𝑡) −

𝑓𝐼𝑆,𝑖(𝑟𝑖, 𝑡)]  ∀ 𝑟𝑖|0≤𝑟𝑖≤∞, 𝑡|0<𝑡≤𝑡𝑓
            (7) 
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where the subscript 𝑖 shows the dispersion layer (oc: oil-continuous and wc: water-

continuous). 𝑓𝐼𝑆,𝑖(𝑟𝑖, 𝑡) is the radius-based volume density distribution of droplet size 𝑟𝑖 in the 

inlet section (refer to Assar et al. [13] for derivation of radius-based PBE);  𝑟𝑖 is the droplet 

radius; 𝑡 is time; 𝑡𝑟,𝐼𝑆(𝑡) is the average residence time in the inlet chamber and is calculated 

as the liquid volume of the inlet section divided by the total flow rate of oil and water. 

Importantly, the time functionality in this term will allow to capture transient variations in the 

liquid level. 𝛾𝐼𝑆,𝑖(𝑟𝑖, 𝑡) is the breakage frequency of droplet size 𝑟𝑖; 𝛽(𝑟𝑖
′, 𝑟𝑖) is radius-based 

daughter distribution of droplet radius 𝑟𝑖 resultant from binary breakage of droplet size 𝑟𝑖
′; 

𝜅𝐼𝑆,𝑖(𝑟𝑖
′, 𝑟𝑖, 𝑡) is the coalescence rate between droplet sizes of 𝑟𝑖

′ and 𝑟𝑖. 𝑟𝑖′′ in the coalescence 

birth rate term is equal to (𝑟𝑖
3 − 𝑟𝑖′

3)1/3. 𝑓𝑖𝑛,𝑖 represents the droplet size distribution of the 

inlet flow. This inlet distribution can be affected by the flow regime in the upstream pipeline. 

Additionally, presence of processes generating high shear rates such as pump and choke 

valves can significantly reduce the inlet droplet size distribution received at the separator. Eq. 

7 can be solved subject to the below initial condition: 

𝑓𝐼𝑆,𝑖(𝑟𝑖, 𝑡) = 𝑓𝐼𝑆,𝑖,0(𝑟𝑖)        𝑎𝑡   𝑡 = 0   ,   ∀ 𝑟𝑖|0≤𝑟𝑖≤∞      (8) 

In the turbulent and chaotic flow of the inlet section, the predominant phenomena are droplet 

breakage and binary coalescence caused by turbulent fluctuations. Various kernels have been 

proposed to model these breakage and coalescence processes. A good summary of that can be 

found in [16]. The coalescence rate is normally expressed as the product of collision rate and 

coalescence efficiency as follows: 

𝜅𝑡,𝑖(𝑟𝑖
′, 𝑟𝑖, 𝑡) = 𝜔𝑡,𝑖(𝑟𝑖

′, 𝑟𝑖, 𝑡)𝜓𝑡,𝑖(𝑟𝑖
′, 𝑟𝑖, 𝑡)       (9) 

The collision rate function can be selected according to Prince and Blanch [17] as below: 

𝜔𝑡,𝑖(𝑟𝑖
′, 𝑟𝑖, 𝑡) = 𝑘𝑐1𝜋2(

1

3
)𝜀𝑖(𝑡)(

1

3
)(𝑟𝑖′ + 𝑟𝑖)

2(𝑟𝑖′
(2/3) + 𝑟𝑖

(2/3))(
1

2
)
   (10) 

The coalescence efficiency function can be selected according to Chesters [18] which is 

based on the film drainage mechanism between colliding droplets. This function is as 

follows: 

𝜓𝑡,𝑖(𝑟𝑖
′, 𝑟𝑖, 𝑡) = exp (−

1

𝑘𝑐2
2(−

1

6
) 𝜌𝑐

(
1
2

)
𝜀𝑖(𝑡)

(
1
3

)

𝜎
(

1
2

)
(

1

𝑟𝑖′
+

1

𝑟𝑖
)

(−
5

6
)

)    (11) 

The model proposed by Vankova et al. [19] is employed for the breakage frequency as 

follows: 



8 
 

𝛾𝑡,𝑖(𝑟𝑖, 𝑡) = 𝑘𝑏1
𝜀𝑖(𝑡)

(
1
3

)

2
(

2
3

)
(

𝜌𝑑

𝜌𝑐
)

(
1

2
) 1

𝑟𝑖
(

2
3

)
 exp (−

1

𝑘𝑏2

𝜎

2
(

5
3

)
𝜌𝑑,𝑖𝜀𝑖(𝑡)

(
2
3

)

1

𝑟𝑖
(

5
3

)
)  (12) 

The daughter size distribution for binary breakage of droplets, by Coulaloglou and Tavlarides 

[20], is also employed as follows: 

𝛽(𝑟𝑖′, 𝑟𝑖) = 7.2
𝑟𝑖

2

𝑟𝑖′3 exp (−4.5
(2𝑟𝑖

3−𝑟𝑖′3)2

𝑟𝑖′6 )      (13) 

The turbulence dissipation rate is the most important parameter for calculating the 

coalescence and breakage rates. In our model, the inlet section is assumed to be spatially 

homogeneous. Therefore, in order to solve the equations, the dissipation rate needs to be 

spatially averaged over the inlet section volume to make it independent of spatial variations. 

This term can be calculated by considering the kinetic energy of the liquid mixture in the inlet 

pipe as the main source for generating turbulence in the system. By this assumption, the 

spatially-averaged turbulence dissipation rate becomes: 

𝜀𝑖(𝑡) =
𝑚̇𝑙(𝑡)𝑢𝑖𝑛(𝑡)2/2

𝜌𝑐𝑉𝐼𝑆(𝑡)
         (14) 

The term on the nominator of Eq. 14 is the kinetic energy of the liquid mixture in the inlet 

pipe to the separator, 𝜌𝑐 is the continuous phase density in the dispersion i, and 𝑉𝐼𝑆 is the 

volume of the inlet section. Eq. 14 can be simplified and rearranged to the following form: 

𝜀𝑖(𝑡) =
𝑢𝑖𝑛(𝑡)2

2𝑡𝑟,𝐼𝑆(𝑡)
         (15) 

The inlet device plays a crucial role in receiving the inlet stream and controlling its 

momentum to facilitate gas-liquid separation while avoiding undesirable phenomena like 

foam, tight emulsions, and droplet carryover in vapor phase. For further study on inlet 

devices, Bothamley [21] provides a comprehensive analysis. The spatial homogeneity 

assumption can be compromised by the choice of inlet device types such as diverter plates, 

reverse pipes, half pipes, and dished heads, which can generate non-uniform flow patterns. 

However, more advanced designs like vane-type and cyclonic-type inlet devices produce less 

turbulent local regions in the inlet section. 

To thoroughly assess the impact of inlet devices, it is imperative to incorporate the 

momentum equation, accounting for the inertial and centrifugal forces inherent in these 

devices. Given the intricate nature of such devices, a 3D analysis becomes essential to 

capture the entirety of these effects. However, it is noteworthy that this study omits such 
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considerations. Instead, to mitigate uncertainties stemming from the described averaging 

strategy, the tuning parameters  𝑘𝑐1, 𝑘𝑐2, 𝑘𝑏1 and 𝑘𝑏2 are introduced in Eqs 10-12. These 

parameters are anticipated to be correlated with the specific type of inlet device as well as 

inlet flow rates.  

Eq. 7 represents a transient equation that allows for the analysis of the dynamics in the inlet 

section of a three-phase separator. However, when we are interested in the steady-state 

behavior, the transient term on the left side of Eq. 7 can be ignored since it becomes zero. 

Another potential simplification for the model is applicable in systems where the droplet size 

distribution rapidly reaches an equilibrium state because of swift dynamics. If the transient 

time scale of droplet size evolution is orders of magnitude smaller than the residence time of 

the inlet section, the last term on the right-hand-side side of Eq. 7 related to inflow/outflow 

becomes insignificant. In other words, if the geometric design of the inlet section allows for a 

residence time long enough to allow the coalescence and breakage mechanisms to equilibrate 

in the flow field of the inlet section, then the inlet drop size distributions from the upstream 

are irrelevant. As a result, we can assume that the system's behavior becomes independent of 

the inlet droplet size distribution, and the equilibrium distribution can be achieved by solving 

the steady-state form of Eq. 7 while ignoring the last term. For the calculation of the transient 

time scale of droplet size evolution, we refer the reader to Assar and Grimes [22]. 

 

2.2.Separation section 

As mentioned, the separation section is the region downstream of the calming baffle. Here, 

the flow is less turbulent, which enhance droplets coalescence and settle due to gravity. The 

zone's model is composed of various sub-models. We introduced transient models to maintain 

the generality of the overall models. However, during the derivation process, we relied on 

quasi-steady state assumptions for both flow rate and level. The model for this zone is 

described in the following sections. 

 

2.2.1. Geometrical averaging 

Circular segments are formed by the liquid levels in a horizontal cylindrical separator as 

depicted in Figure 1c. The wetted perimeter (𝑃𝑖), area (𝐴𝑖), and volume (𝑉𝑖) of the liquid 
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segments formed for water-continuous (𝑤𝑐) and oil-continuous (𝑜𝑐) layers can be calculated 

as follows: 

𝑃𝑤𝑐 = 𝜃𝑤𝑐𝑅           (16) 

𝑃𝑜𝑐 = 𝜃𝑜𝑐𝑅 − 𝑃𝑤𝑐         (17) 

𝐴𝑤𝑐 =
𝜃𝑤𝑐𝑅2

2
−

(𝑅−𝑙𝑤𝑐)𝑤𝑤𝑐

2
        (18) 

𝐴𝑜𝑐 =
𝜃𝑜𝑐𝑅2

2
−

(𝑅−𝑙𝑜𝑐)𝑤𝑜𝑐

2
− 𝐴𝑤𝑐       (19) 

𝑉𝑖 = 𝐴𝑖𝐿𝑒,𝑖          (20) 

The segment width (𝑤𝑖) and segment angle (𝜃𝑖) are calculated as below: 

𝑤𝑖 = 2√(2𝑅𝑙𝑖 − 𝑙𝑖
2)          (21) 

𝜃𝑖 = 2acos (
𝑅−𝑙𝑖

𝑅
)         (22) 

where 𝑙𝑖 is the liquid level from bottom of the separator, 𝐿𝑒,𝑖 is the effective separation 

section length (distance from the calming baffle to the outlet nozzle for the water-continuous 

layer and distance from the calming baffle to overflow weir for the oil-continuous layer; 

however, an average of both can be used for the simulation), and 𝑅 is the radius of the 

separator. 

Treating a three-phase separator as a 3D object, especially when coupled with a PBE, results 

in a computationally expensive problem due to the high dimensionality. Transient analysis of 

this system involves dealing with five different dimensions. To simplify the problem, we only 

consider the relevant dimensions for droplet transport, which are the axial and vertical 

directions. This approach follows the method proposed by Backi et al. [15]. In this approach, 

we disregard the outlet nozzle effect, which would require a 3D modeling approach.  

To achieve this, we need to take the average of the dimensions and transform the geometry of 

the circular segments into rectangles. For the water-continuous layer (also for oil-continuous 

layer if no vapor phase is present in the system), the key factor in this mapping is averaging 

the vertical distance from the bottom/top (which are curved) to the interface. For oil-

continuous layer, the height of the layer was kept equal to the difference between the levels 

and the width was calculated by keeping the cross-section area constant. Accordingly, the 
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circular segments are transformed to rectangles as shown in Figure 1c. with the following 

widths and heights: 

𝐻𝑤𝑐 =
𝐴𝑤𝑐

𝑤𝑤𝑐
             (23) 

𝐻𝑜𝑐 = 𝑙𝑜𝑐 − 𝑙𝑤𝑐             (24) 

 

2.2.2. Velocity profiles 

In the majority of industrial three-phase separators, the flow is typically slightly turbulent. 

When considering the flow of liquids with a free liquid surface, the transition to turbulent 

flow regime occurs at approximately Reynolds number of 1500 [23]. This transition 

Reynolds number, calculated at the inlet of the separation sections, can serve as a criterion for 

selecting flow regime and consequently appropriate model solver. The Reynolds number is 

defined as: 

𝑅𝑒𝑖(𝑧, 𝑡) =
𝜌𝑖(𝑧,𝑡)𝑢𝑧,𝑖(𝑧,𝑡)𝑑ℎ,𝑖(𝑡)

𝜇𝑖(𝑧,𝑡)
        (25) 

where 𝑢̅𝑧,𝑖 is the average axial velocity; the dispersion density can be calculated by using 

volume fraction weighted density as suggested by Schumann [24] and dispersion viscosity is 

estimated according to Pal Rhodes [25]: 

𝜌𝑖(𝑧, 𝑡) = 𝜙𝑤(𝑧, 𝑡)𝜌𝑤 + 𝜙𝑜(𝑧, 𝑡)𝜌𝑜       (26) 

𝜇𝑖(𝑧, 𝑡) = 𝜇𝑐 [1 +
𝜙𝑑(𝑧,𝑡)/𝐾𝑃𝑅,𝑖

1.1884−𝜙𝑑(𝑧,𝑡)/𝐾𝑃𝑅,𝑖
]

2.5

      (27) 

The parameter 𝐾𝑃𝑅,𝑖 needs to be determined experimentally for the emulsion under 

investigation.  

In Eq. 25, 𝑑ℎ,𝑖(𝑡) is the hydraulic diameter of the dispersion layer and defined as below: 

𝑑ℎ,𝑖(𝑡) = 4
𝐴𝑖(𝑡)

𝑃𝑖(𝑡)
         (28) 

In Eq. 28, the inclusion of time functionality serves to extend the model's applicability to 

scenarios involving transient change in the liquid level. For turbulent cases, a plug flow 

assumption has been used in the model. Accordingly, the average axial velocity for each layer 

can be calculated as below: 
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𝑢𝑧,𝑖(𝑧, 𝑡) =
𝑄𝑖(𝑧,𝑡)

𝐴𝑖(𝑡)
          (29) 

It is important to emphasize that the flow rates, 𝑄𝑖, are no longer assumed to be constant due 

to the quasi-steady state assumption. Instead, it can now vary with time and axial location. 

The time dependence arises from transient variations in the inlet flow rate and interfacial 

coalescence rate. Similarly, the axial dependence is introduced through the interfacial 

coalescence, which leads to changes in the flow rate of the dispersion layer. 

For laminar flow regime, by changing the problem to a 2D geometry, a simplification of the 

momentum and continuity equations can be achieved using the below assumptions:  

 The velocity profile is assumed to be fully developed along the length of the 

separator. The end effects such as that of the outlet nozzle are considered to be 

negligible. Therefore, the fluid velocity in x and y directions are zero. 

 It is assumed that any transient changes in the flow rates and liquid levels occur 

slowly enough so that the velocity profiles can rapidly establish themselves at any 

given time. This assumption implies that the velocity profiles adjust quickly in 

response to changes in flow rates and liquid levels, allowing for a quasi-steady state 

behavior in the system. 

 The changes of the flow rates in the axial direction are small enough that the velocity 

profiles can rapidly establish themselves at any location by quickly responding to 

flow rate changes. 

 The velocity differences between the two layers are assumed to be sufficiently small. 

This assumption ensures that the interface between the layers remains undisturbed, 

eliminating the need for complex 3D modeling to account for possible vorticity. 

 At the interfaces between the liquid-solid and liquid-liquid phases, it is assumed that 

there is no slip velocity. 

 The assumption is made that the shear stress at the gas-liquid interface is negligible. 

 The density and viscosity of the mixture are assumed to be uniform along the vertical 

axis (y) within each dispersion layer. In practical terms, average values of mixture 

density and viscosity over the y-axis are used, with the understanding that these 

properties may vary with time and along the z-axis. 

By employing the aforementioned assumptions, it is possible to derive an analytical 

expression for the laminar profile through the solution of the momentum and continuity 
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equations. For a more comprehensive understanding of the detailed description and 

derivation, interested readers are encouraged to refer to the supplementary material section in 

this paper. 

𝑢𝑧,𝑤𝑐(𝑦𝑤𝑐, 𝑧, 𝑡) = 3(𝐻𝑤𝑐 − 𝑦𝑤𝑐)
𝐶1,𝑤𝑐(𝐻𝑤𝑐−𝑦𝑤𝑐)+𝐶2,𝑤𝑐

𝐶3,𝑤𝑐
    (30) 

𝑢𝑧,𝑜𝑐(𝑦𝑜𝑐, 𝑧, 𝑡) = 3
𝐶1,𝑜𝑐(𝑦𝑜𝑐+𝐻𝑤𝑐)2+𝐶2,𝑜𝑐(𝑦𝑜𝑐+𝐻𝑤𝑐)+𝐶3,𝑜𝑐

𝐶4,𝑜𝑐
    (31) 

where the coefficients in Eqs. 30, 31 are as below: 

𝐶1,𝑤𝑐(𝑧, 𝑡) = 3𝑄𝑜𝑐𝜇𝑜𝑐𝑊𝑤𝑐𝐻𝑤𝑐
2 − 2𝑄𝑤𝑐𝜇𝑤𝑐𝑊𝑜𝑐𝐻𝑜𝑐

2 − 6𝑄𝑤𝑐𝜇𝑜𝑐𝑊𝑜𝑐𝐻𝑜𝑐𝐻𝑤𝑐 (32) 

𝐶2,𝑤𝑐(𝑧, 𝑡) = 6𝑄𝑤𝑐𝜇𝑜𝑐𝑊𝑜𝑐𝐻𝑜𝑐𝐻𝑤𝑐
2 + 4𝑄𝑤𝑐𝜇𝑤𝑐𝑊𝑜𝑐𝐻𝑜𝑐

2𝐻𝑤𝑐 − 2𝑄𝑜𝑐𝜇𝑜𝑐𝑊𝑤𝑐𝐻𝑤𝑐
3 

(33) 

𝐶3,𝑤𝑐(𝑧, 𝑡) = 𝑊𝑜𝑐𝑊𝑤𝑐𝐻𝑜𝑐𝐻𝑤𝑐
3(4𝜇𝑤𝑐𝐻𝑜𝑐 + 3𝜇𝑜𝑐𝐻𝑤𝑐)    (34) 

𝐶1,𝑜𝑐(𝑧, 𝑡) = 3𝑄𝑤𝑐𝜇𝑤𝑐𝑊𝑜𝑐𝐻𝑜𝑐 − 2𝑄𝑜𝑐𝜇𝑤𝑐𝑊𝑤𝑐𝐻𝑤𝑐     (35) 

𝐶2,𝑜𝑐(𝑧, 𝑡) = 4𝑄𝑜𝑐𝜇𝑤𝑐𝑊𝑤𝑐𝐻𝑤𝑐
2  +  4𝑄𝑜𝑐𝜇𝑤𝑐𝑊𝑤𝑐𝐻𝑜𝑐𝐻𝑤𝑐 − 6𝑄𝑤𝑐𝜇𝑤𝑐𝑊𝑜𝑐𝐻𝑜𝑐

2 −

6𝑄𝑤𝑐𝜇𝑤𝑐𝑊𝑜𝑐𝐻𝑜𝑐𝐻𝑤𝑐          (36) 

𝐶3,𝑜𝑐(𝑧, 𝑡) = 2𝑄𝑤𝑐𝜇𝑤𝑐𝑊𝑜𝑐𝐻𝑜𝑐
3 − 2𝑄𝑜𝑐𝜇𝑤𝑐𝑊𝑤𝑐𝐻𝑤𝑐

3 + 𝑄𝑜𝑐𝜇𝑜𝑐𝑊𝑤𝑐𝐻𝑜𝑐𝐻𝑤𝑐
2 −

4𝑄𝑜𝑐𝜇𝑤𝑐𝑊𝑤𝑐𝐻𝑜𝑐𝐻𝑤𝑐
2 + 3𝑄𝑤𝑐𝜇𝑤𝑐𝑊𝑜𝑐𝐻𝑜𝑐𝐻𝑤𝑐

2 + 6𝑄𝑤𝑐𝜇𝑤𝑐𝑊𝑜𝑐𝐻𝑜𝑐
2𝐻𝑤𝑐   (37) 

𝐶4,𝑜𝑐(𝑧, 𝑡) = 𝑊𝑜𝑐𝑊𝑤𝑐𝐻𝑜𝑐
2𝐻𝑤𝑐(4𝜇𝑤𝑐𝐻𝑜𝑐 + 3𝜇𝑜𝑐𝐻𝑤𝑐)     (38) 

It is worth emphasizing that due to the quasi-steady state assumption, the volumetric flow 

rates, 𝑄𝑜𝑐 and 𝑄𝑤𝑐, are now allowed to vary with both time and axial location. On the other 

hand, the liquid levels and widths, 𝐻𝑜𝑐, 𝐻𝑤𝑐, 𝑊𝑜𝑐 and 𝑊𝑤𝑐 solely vary with time. 

Additionally, the dispersion viscosities, 𝜇𝑜𝑐 and 𝜇𝑤𝑐 need to be calculated taking into account 

the dispersed phase average volume fraction in the vertical direction. Since this value can 

change with time and axial location, the viscosities should be updated accordingly at each 

time and axial location in order to more accurately capture the behavior of the system. 

 

2.2.3. Dispersion model 
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In instances where no coalescing unit (whether electrical or non-electrical) is utilized within 

the separator, the balance equation encompasses binary coalescence, droplet breakage, 

gravity-driven transport, and axial velocity transport. Based on these observations, a 

comprehensive balance equation for the dispersion layers can be expressed as follows: 

𝜕𝑓𝑆𝑆,𝑖(𝑟𝑖,𝑦𝑖,𝑧,𝑡)

𝜕𝑡
= −

𝜕

𝜕𝑧
[𝑢𝑧,𝑖(𝑦𝑖, 𝑧, 𝑡)𝑓𝑆𝑆,𝑖(𝑟𝑖, 𝑦𝑖 , 𝑧, 𝑡)] −

𝜕

𝜕𝑦𝑖
[𝑢𝑦,𝑖(𝑟𝑖, 𝑦𝑖, 𝑧, 𝑡)𝑓𝑆𝑆,𝑖(𝑟𝑖, 𝑦𝑖, 𝑧, 𝑡)] +

𝜕

𝜕𝑦𝑖
(𝐷𝑒,𝑖(𝑟𝑖, 𝑦𝑖 , 𝑧, 𝑡)

𝜕𝑓𝑆𝑆,𝑖(𝑟𝑖,𝑦𝑖,𝑧,𝑡)

𝜕𝑦𝑖
) + 𝑅𝑏𝑏,𝑖(𝑟𝑖, 𝑦𝑖, 𝑧, 𝑡) −

𝑅𝑏𝑑,𝑖 (𝑟𝑖, 𝑦𝑖, 𝑧, 𝑡) + 𝑅𝑐𝑏,𝑖(𝑟𝑖, 𝑦𝑖 , 𝑧, 𝑡) − 𝑅𝑐𝑑,𝑖 (𝑟𝑖, 𝑦𝑖, 𝑧, 𝑡)  ∀ 𝑟𝑖|0≤𝑟𝑖≤∞, 𝑦𝑖|0<𝑦𝑖<𝐻𝑖(𝑡), 𝑧|0<𝑧≤𝐿𝑒
,

𝑡|0<𝑡≤𝑡𝑓
           (39) 

It worth noting that the inclusion of the diffusive term in Eq. 39 is crucial to account for the 

potential existence of a dense pack layer within the system. The detailed explanation of this 

term can be found in Section 2.2.7. The birth and death rates arising from the coalescence and 

breakage terms are defined as follows: 

𝑅𝑏𝑏,𝑖(𝑟𝑖, 𝑦𝑖 , 𝑧, 𝑡) = ∫ 2𝛾𝑡,𝑖(𝑟𝑖
′, 𝑧, 𝑡)𝛽(𝑟𝑖

′, 𝑟𝑖)𝑓𝑆𝑆,𝑖(𝑟𝑖
′, 𝑦𝑖, 𝑧, 𝑡)

𝑟𝑖
3

𝑟𝑖′3

∞

𝑟𝑖
𝑑𝑟𝑖

′  (40) 

𝑅𝑏𝑑,𝑖(𝑟𝑖, 𝑦𝑖, 𝑧, 𝑡) = 𝛾𝑡,𝑖(𝑟𝑖, 𝑧, 𝑡)𝑓𝑆𝑆,𝑖(𝑟𝑖, 𝑦𝑖 , 𝑧, 𝑡)     (41) 

𝑅𝑐𝑏,𝑖(𝑟𝑖, 𝑦𝑖, 𝑧, 𝑡) =

(
3

4𝜋
) ∫ 𝜅𝑆𝑆,𝑖(𝑟𝑖

′, 𝑟𝑖
′′, 𝑦𝑖 , 𝑧, 𝑡)𝑓𝑆𝑆,𝑖(𝑟𝑖

′, 𝑦𝑖, 𝑧, 𝑡)𝑓𝑆𝑆,𝑖(𝑟𝑖
′′, 𝑦𝑖 , 𝑧, 𝑡)

𝑟𝑖

√2
3

0

𝑟𝑖
5

𝑟𝑖
′3

𝑟𝑖
′′5 𝑑𝑟𝑖

′   (42) 

𝑅𝑐𝑑,𝑖(𝑟𝑖, 𝑦𝑖, 𝑧, 𝑡) = (
3

4𝜋
) 𝑓𝑆𝑆,𝑖(𝑟𝑖, 𝑦𝑖, 𝑧, 𝑡) ∫ 𝜅𝑆𝑆,𝑖(𝑟𝑖

′, 𝑟𝑖, 𝑦𝑖, 𝑧, 𝑡)𝑓𝑆𝑆,𝑖(𝑟𝑖
′, 𝑦𝑖 , 𝑧, 𝑡)

1

𝑟𝑖
′3 𝑑𝑟𝑖

′∞

0

            (43) 

When it comes to the birth and death rates associated with breakage, only the break-up 

caused by turbulent fluctuations same as section 2.1.2 is considered (i.e., Eqs 12 and 13). 

However, in the case of laminar conditions, there are other potential mechanisms to 

potentially consider, such as break-up caused by viscous shear stress [26] which is ignored in 

this model. Therefore, breakage terms are only considered in the model when the flow regime 

is turbulent. Accordingly, the computational program employs the appropriate solver based 

on the detected flow regime. Also, the coalescence terms mentioned in the equations above 

are elaborated and discussed in detail in section 2.2.8. 

To determine the turbulent breakage rate, the turbulent energy dissipation rate can be 

computed using the following equation [16]. 
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𝜀𝑖(𝑧, 𝑡) ≈ 0.16𝑅𝑒𝑖(𝑧, 𝑡)2.75(
𝜈𝑖(𝑧,𝑡)3

𝑑ℎ,𝑖(𝑡)4
)       (44) 

In the given equation, 𝜈 stands for kinematic viscosity. It is essential to emphasize that 𝜈 and 

𝑅𝑒 should be computed as an average across the vertical direction. Furthermore, 

𝑑ℎ represents the hydraulic diameter and can be calculated using Eq. 28. 

The balance equation (Eq. 39) is governed by the following boundary conditions. 

𝑢𝑦,𝑖(𝑟𝑖, 𝑦𝑖, 𝑧, 𝑡)𝑓𝑆𝑆,𝑖(𝑟𝑖, 𝑦𝑖, 𝑧, 𝑡) − 𝐷𝑒,𝑖(𝑟𝑖, 𝑦𝑖 , 𝑧, 𝑡)
𝜕𝑓𝑆𝑆,𝑖(𝑟𝑖,𝑦𝑖,𝑧,𝑡)

𝜕𝑦𝑖
= 0     𝑎𝑡 𝑦𝑖 = 𝐻𝑖(𝑡),

∀  𝑟𝑖|0≤𝑟𝑖≤∞, 𝑧|0<𝑧≤𝐿𝑒
, 𝑡|0<𝑡≤𝑡𝑓

           (45) 

𝑢𝑦,𝑖(𝑟𝑖, 𝑦𝑖, 𝑧, 𝑡)𝑓𝑆𝑆,𝑖(𝑟𝑖, 𝑦𝑖, 𝑧, 𝑡) − 𝐷𝑒,𝑖(𝑟𝑖, 𝑦𝑖 , 𝑧, 𝑡)
𝜕𝑓𝑆𝑆,𝑖(𝑟𝑖,𝑦𝑖,𝑧,𝑡)

𝜕𝑦𝑖
=

𝑢𝑖𝑐,𝑖(𝑟𝑖, 𝑧, 𝑡)𝑓𝑆𝑆,𝑖(𝑟𝑖, 𝑦𝑖 , 𝑧, 𝑡)        𝑎𝑡 𝑦𝑖 = 0, ∀  𝑟𝑖|0≤𝑟𝑖≤∞, 𝑧|0<𝑧≤𝐿𝑒
, 𝑡|0<𝑡≤𝑡𝑓

     (46) 

Eq. 45 simply expresses that the net droplet flux is zero at 𝐻𝑖 (top boundary for the oil-

continuous and bottom boundary for the water-continuous). On the other hand, Eq. 46 states 

that the total outlet droplet flux at the interface between the layers is equal to the flux 

resulting from the interfacial coalescence for each respective layer. 

𝑓𝑆𝑆,𝑖(𝑟𝑖, 𝑦𝑖, 𝑧, 𝑡) = 𝑓𝐼𝑆,𝑖(𝑟𝑖, 𝑡)        𝑎𝑡   𝑧 = 0,   ∀ 𝑟𝑖|0≤𝑟𝑖≤∞,   𝑦𝑖|0≤𝑦𝑖≤𝐻𝑖(𝑡),   𝑡|0<𝑡≤𝑡𝑓
    (47) 

Eq. 47 also states that the inlet distribution to the separation section is simply the one from 

the inlet section. The initial conditions are also as follows: 

𝑓𝑆𝑆,𝑖(𝑟𝑖, 𝑦𝑖, 𝑧, 𝑡) = 𝑓𝑆𝑆,𝑖,0(𝑟𝑖, 𝑦𝑖 , 𝑧)        𝑎𝑡   𝑡 = 0,   ∀ 𝑟𝑖|0≤𝑟𝑖≤∞,   𝑦𝑖|0≤𝑦𝑖≤𝐻𝑖(𝑡),   𝑧|0≤𝑧≤𝐿𝑒
 

 (48) 

The moment properties employed for visualizing the simulation results are computed as 

follows: 

𝜙𝑑,𝑖(𝑦𝑖, 𝑧, 𝑡) = ∫ 𝑓𝑆𝑆,𝑖(𝑟𝑖, 𝑦𝑖 , 𝑧, 𝑡)𝑑𝑟𝑖
∞

0
      (49) 

𝜇𝑟,𝑖(𝑦𝑖, 𝑧, 𝑡) =
1

𝜙𝑑,𝑖(𝑦𝑖,𝑧,𝑡)
∫ 𝑟𝑖𝑓𝑆𝑆,𝑖(𝑟𝑖, 𝑦𝑖, 𝑧, 𝑡)𝑑𝑟𝑖

∞

0
     (50) 

 

2.2.4. Flow rate model 

The interfacial coalescence occurs at the interface where the two dispersed layers are in 

contact. Specifically, water droplets from the oil-continuous phase settle and reach the 
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interface level, where they merge with the water-continuous layer. This integration leads to 

an increase in the volume flow rate and, consequently, the velocity of the water-continuous 

layer as well as a decrease in those of oil-continuous layer. A similar process takes place 

within the water-continuous layer. Therefore, it is essential to treat the two layers 

simultaneously in numerical simulations, as they are coupled and interdependent. 

The convective flux for a droplet of size 𝑟 in layer 𝑖 (wc: water-continuous and oc: oil-

continuous) at the interface can be written as below: 

𝑛𝑖𝑐,𝑖(𝑟𝑖, 𝑧, 𝑡) = 𝑢𝑖𝑐,𝑖(𝑟𝑖, 𝑧, 𝑡)𝑓𝑆𝑆,𝑖(𝑟𝑖, 𝑦𝑖, 𝑧, 𝑡)|
𝑦𝑖=0

     (51) 

where 𝑢𝑖𝑐,𝑖 is the equivalent velocity at which the droplet of size 𝑟 leaves the dispersion layer 

i by coalescing into the adjacent layer at the interface. This velocity can be calculated as 

below: 

𝑢𝑖𝑐,𝑖(𝑟𝑖, 𝑧, 𝑡) =
4𝑟𝑖

3𝑡𝑖𝑐,𝑖(𝑟𝑖,𝑧,𝑡)
        (52) 

For a more in-depth understanding of the derivation of Eq. 52, interested readers can refer to 

the previous work [13]. In this equation, 𝑡𝑖𝑐 represents the interfacial coalescence time, which 

denotes the duration for a droplet with size 𝑟 in layer i to fully integrate with the adjacent 

layer after making contact with the interface. This term will be elaborated upon using a 

parallel film drainage model in section 2.2.9. By employing the following term (Eq. 52), it 

becomes possible to calculate the total volumetric flow rate of the dispersed phase over the 

interface. Accordingly, the changes in the volumetric flow rate of layers are governed by the 

below equation: 

𝑑𝑄𝑜𝑐(𝑧,𝑡)

𝑑𝑧
= −

𝑑𝑄𝑤𝑐(𝑧,𝑡)

𝑑𝑧
= 𝑤𝑤𝑐(𝑡) ∫ 𝑢𝑖𝑐,𝑤𝑐(𝑟𝑤𝑐, 𝑧, 𝑡)𝑓𝑆𝑆,𝑤𝑐(𝑟𝑤𝑐, 𝑦𝑤𝑐, 𝑧, 𝑡)|

𝑦𝑤𝑐=0

∞

0
𝑑𝑟𝑤𝑐 −

𝑤𝑤𝑐(𝑡) ∫ 𝑢𝑖𝑐,𝑜𝑐(𝑟𝑜𝑐, 𝑧, 𝑡)𝑓𝑆𝑆,𝑜𝑐(𝑟𝑜𝑐, 𝑦𝑜𝑐, 𝑧, 𝑡)|
𝑦𝑜𝑐=0

∞

0
𝑑𝑟𝑜𝑐    ∀ 𝑧|0<𝑧≤𝐿𝑒

, 𝑡|0<𝑡≤𝑡𝑓
  (53) 

subject to the following boundary condition: 

𝑄𝑖(𝑧, 𝑡) = 𝑄𝑜𝑢𝑡,𝑖(𝑡)    𝑎𝑡   𝑧 = 𝐿𝑒 ,   ∀   𝑡|0<𝑡≤𝑡𝑓
     (54) 

where 𝑄𝑜𝑢𝑡,𝑖 is the outflow from the layer through the outlet nozzles. It is important to note 

that due to the quasi-steady-state assumption, any transient changes in this flow rate will 

immediately propagate and establish themselves along the entire length of the separation 

section. 
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2.2.5. Liquid level transient model 

In the oil and gas industry, separators typically incorporate level control systems. However, 

certain subsea designs rely solely on gravity flow and lack level control mechanisms. In such 

cases, a more complex hydrodynamic analysis becomes necessary to calculate the liquid 

levels. When a level control is employed, the transient model for liquid levels can be derived 

by considering variations in the inflow and outflow of the equipment. The following 

equations can be utilized to account for transient changes in the liquid levels for water and oil 

continuous layers. 

𝐿𝑒
𝑑𝐴𝑜𝑐(𝑡)

𝑑𝑡
= 𝑄𝐼𝑆,𝑜𝑐(𝑡) − 𝑄𝑜𝑢𝑡,𝑜𝑐(𝑡) +

𝑤𝑤𝑐(𝑡) ∫ ∫ 𝑢𝑖𝑐,𝑤𝑐(𝑟𝑤𝑐 , 𝑧, 𝑡)𝑓𝑆𝑆,𝑤𝑐(𝑟𝑤𝑐, 𝑦𝑤𝑐 , 𝑧, 𝑡)|
𝑦𝑤𝑐=0

𝑑𝑟𝑤𝑐𝑑𝑧
∞

0

𝐿𝑒

0
−

𝑤𝑤𝑐(𝑡) ∫ ∫ 𝑢𝑖𝑐,𝑜𝑐(𝑟𝑜𝑐 , 𝑧, 𝑡)𝑓𝑆𝑆,𝑜𝑐(𝑟𝑜𝑐, 𝑦𝑜𝑐, 𝑧, 𝑡)|
𝑦𝑜𝑐=0

𝑑𝑟𝑜𝑐𝑑𝑧
∞

0

𝐿𝑒

0
    𝑡|0<𝑡≤𝑡𝑓

    (55) 

𝐿𝑒
𝑑𝐴𝑤𝑐(𝑡)

𝑑𝑡
= 𝑄𝐼𝑆,𝑤𝑐(𝑡) − 𝑄𝑜𝑢𝑡,𝑤𝑐(𝑡) −

𝑤𝑤𝑐(𝑡) ∫ ∫ 𝑢𝑖𝑐,𝑤𝑐(𝑟𝑤𝑐 , 𝑧, 𝑡)𝑓𝑆𝑆,𝑤𝑐(𝑟𝑤𝑐, 𝑦𝑤𝑐 , 𝑧, 𝑡)|
𝑦𝑤𝑐=0

𝑑𝑟𝑤𝑐𝑑𝑧
∞

0

𝐿𝑒

0
+

𝑤𝑤𝑐(𝑡) ∫ ∫ 𝑢𝑖𝑐,𝑜𝑐(𝑟𝑜𝑐 , 𝑧, 𝑡)𝑓𝑆𝑆,𝑜𝑐(𝑟𝑜𝑐, 𝑦𝑜𝑐, 𝑧, 𝑡)|
𝑦𝑜𝑐=0

𝑑𝑟𝑜𝑐𝑑𝑧
∞

0

𝐿𝑒

0
    𝑡|0<𝑡≤𝑡𝑓

    (56) 

where 𝑄𝐼𝑆,𝑖 can be calculated using the Eqs. 1 and 2. Above Equations describe the transient 

change in the cross-section area of the dispersion layers; however, it is still possible to use the 

geometrical relations to derive transient equation for change in the layer’s heights, 𝐻𝑜𝑐 and 

𝐻𝑜𝑐, which we are more interested in. The mentioned derivation is presented in the 

supplementary material section. Also, the initial conditions for the liquid levels are as below: 

𝐻𝑖(𝑡) =  𝐻0,𝑖    𝑎𝑡   𝑡 = 0        (57) 

At this point, we need to reiterate that the derivation of the level transient equations relies on 

the assumption of quasi-steady state, where flow quickly reaches a stable condition. Eqs 55 

and 56 highlight that the boundary of the independent vertical variable y is not constant. 

Consequently, this leads to a moving boundary problem, which has been addressed by 

employing a time-spatial transformation method presented in the supplementary material 

section. 
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2.2.6. Droplet velocity  

The slip velocity, which represents the difference between the velocity of the droplets and the 

continuous phase, depends on both the droplet size and the volume fraction of the dispersed 

phase. Various approaches exist for calculating the slip velocity. In our previous work [13], 

we demonstrated that the slip velocity proposed by Kumar and Hartland [11] yields better 

agreement with experimental data compared to the Richardson-Zaki model [6] and the slip 

velocity formulated using the drag coefficient by Behzad et al. [27]. Moreover, the Kumar 

and Hartland slip velocity model remains valid across a wide range of volume fractions and 

Reynolds numbers. In this study, we employ the mentioned model as stated below: 

0.53𝑢𝑠,𝑖
2 +

12𝜇𝑐

𝑟𝑖𝜌𝑐
𝑢𝑠,𝑖 +

2𝑟𝑖𝑔(𝜌𝑐−𝜌𝑑)(1−𝜙𝑑,𝑖)

3𝜌𝑐(1+4.56𝜙𝑑,𝑖
0.73)

= 0     (58) 

Solving the above equation yields the following equation for slip velocity: 

𝑢𝑠,𝑖(𝑟𝑖, 𝑦𝑖, 𝑧, 𝑡) = [128.16
𝜇𝑐

2

𝑟𝑖
2𝜌𝑐

2 + 1.258
𝑔𝑟𝑖|𝜌𝑐−𝜌𝑑|

𝜌𝑐

(1−𝜙𝑑,𝑖(𝑦𝑖,𝑧,𝑡))

(1+4.56𝜙𝑑,𝑖(𝑦𝑖,𝑧,𝑡)0.73)
]

0.5

−

11.321
𝜇𝑐

𝑟𝑖𝜌𝑐
           (59) 

In sloped sections of a separator, where the angle between the axial direction and the 

horizontal axis is 𝛿, the gravitational acceleration constant (𝑔) should be adjusted to 𝑔𝑐𝑜𝑠(𝛿). 

Having the slip velocity, the droplet velocity can be calculated as below: 

𝑢𝑦,𝑖(𝑟𝑖, 𝑦𝑖, 𝑧, 𝑡) = (1 − 𝜙𝑑,𝑖(𝑦𝑖, 𝑧, 𝑡)) 𝑢𝑠,𝑖(𝑟𝑖 , 𝑦𝑖 , 𝑧, 𝑡)     (60) 

 

2.2.7. Effective diffusion 

To address the potential formation of a dense packed layer, we have introduced an effective 

diffusion coefficient in Eq. 39. Drawing upon our prior research [13], we employ the 

following equation to determine this parameter: 

𝐷𝑒,𝑖(𝑟𝑖, 𝑦𝑖, 𝑧, 𝑡) = 𝐶0,𝑖𝑢𝑦,𝑖(𝑟𝑖, 𝑦𝑖 , 𝑧, 𝑡) (
(𝜙𝑑,𝑖(𝑦𝑖,𝑧,𝑡) 𝜙𝑚,𝑖⁄ )

0.23

(1−𝜙𝑑,𝑖(𝑦𝑖,𝑧,𝑡) 𝜙𝑚,𝑖⁄ )
1.29)   (61) 

The utilization of the aforementioned effective diffusion in Eq. 39 ensures the conservation of 

the volume fraction within the range of 0 to 𝜙𝑚,𝑖. In this study, a value of 0.9 is adopted for 

𝜙𝑚,𝑖, which represents the maximum allowable dispersed phase volume fraction. The specific 
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value of 𝜙𝑚,𝑖 can vary based on two key factors: the standard deviation of the droplet size 

distribution and the degree of droplet deformation. The 𝐶0,𝑖 is the model constant and has the 

functionality of interfacial tension and phase density difference, the numerical value of 

5.1×10-4 m was considered for this parameter similar to the previous work [13]. 

 

2.2.8. Binary coalescence model 

As mentioned earlier, the separation section of most industrial separators operates under 

turbulent flow regimes. In such conditions, turbulence-induced coalescence and breakage 

mechanisms become dominant. However, in cases where laminar flow occurs, buoyancy-

induced and velocity-gradient induced mechanisms become plausible for coalescence. To 

maintain the generality of the model, coalescence is considered as the sum of these 

mechanisms, as shown below: 

𝜅𝑆𝑆,𝑖(𝑟𝑖, 𝑟𝑖
′, 𝑦𝑖, 𝑧, 𝑡) = 𝜔𝑡,𝑖(𝑟𝑖, 𝑟𝑖

′, 𝑧, 𝑡)𝜓𝑡,𝑖(𝑟𝑖 , 𝑟𝑖
′, 𝑧, 𝑡) +  𝜔𝑏,𝑖(𝑟𝑖, 𝑟𝑖

′, 𝑦𝑖 , 𝑧, 𝑡)𝜓𝑏,𝑖(𝑟𝑖, 𝑟𝑖
′)  

            (62) 

The first term can be computed using Eq. 9. In turbulent flow, even with a minimal 

dissipation rate, the turbulent term can significantly outweigh the buoyancy term. Hence, in 

practical terms, the buoyancy-driven coalescence can be disregarded for turbulent flow and 

its application is primarily limited to cases with low Reynolds numbers, corresponding to 

laminar flow regimes, or for simulating transient scenarios such as shutdown cases. The 

binary coalescence resulting from buoyancy forces is taken into account based on the 

approach proposed by Grimes [5]. 

In Eq. 62, coalescence efficiency (𝜓𝑏) and collision frequency (𝜔𝑏) are defined as follows:  

𝜔𝑏,𝑖(𝑟𝑖, 𝑟𝑖
′, 𝑦𝑖, 𝑧, 𝑡) = 𝑘𝑐3,𝑖

𝐾𝐵𝑇

6𝜇𝑐

(𝑟𝑖+𝑟𝑖′)2

𝑟𝑖𝑟𝑖′
[1 + 𝑃𝑒𝑏𝑐(𝑟𝑖, 𝑟𝑖

′, 𝑦𝑖 , 𝑧, 𝑡) +

4.496(𝑃𝑒𝑏𝑐(𝑟𝑖, 𝑟𝑖
′, 𝑦𝑖, 𝑧, 𝑡))1/3]        (63) 

where 𝐾𝐵 is the Boltzmann constant, 𝑇 is the absolute temperature, 𝑘𝑐3,𝑆𝑆,𝑖 is a tuning 

parameter for the model, and 𝑃𝑒𝑏𝑐 is droplet pair Peclet number defined as below: 

𝑃𝑒𝑏𝑐(𝑟𝑖, 𝑟𝑖
′, 𝑦𝑖 , 𝑧, 𝑡) =

6𝜋𝜇𝑐

𝐾𝐵𝑇
𝑟𝑖𝑟𝑖′|𝑢𝑠,𝑖(𝑟𝑖, 𝑦𝑖, 𝑧, 𝑡) − 𝑢𝑠,𝑖(𝑟𝑖

′, 𝑦𝑖 , 𝑧, 𝑡)|   (64) 

where 𝑢𝑠,𝑖 is the droplet slip velocity and can be calculated using Eq. 59.  

The coalescence efficiency is defined by the following equation. 
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𝜓𝑏,𝑖(𝑟𝑖, 𝑟𝑖
′) = 𝑒𝑥𝑝 (−𝑡𝑏𝑐(𝑟𝑖, 𝑟𝑖

′))        (65) 

where 𝑡𝑏𝑐 denotes the time of binary coalescence, as indicated by the subsequent equation. 

𝑡𝑏𝑐,𝑖(𝑟𝑖, 𝑟𝑖
′) =

1.046

𝑘𝑐4,𝑖

𝜇𝑐|𝜌𝑑−𝜌𝑐|𝑔

𝜎
3
2𝐵

1
2

[
𝑟𝑖𝑟𝑖′

𝑟𝑖+𝑟𝑖′
]

9 2⁄

      (66) 

where 𝜎 is interfacial tension, 𝐵 is the Hamaker constant, and 𝑘𝑐4,𝑆𝑆,𝑖 is another tuning factor. 

 

 

 

2.2.9. Interfacial coalescence  

According to Eq. 52, the interfacial coalescence time (𝑡𝑖𝑐,𝑖) serves as a key factor for 

determining the interfacial coalescence velocity and, consequently, the interfacial 

coalescence rate. The interfacial coalescence time was derived by Hahn and Slattery [28], 

who introduced it to analyze the coalescence of a single bubble at a gas-liquid interface. 

Building upon this, Grimes [5] later applied a comparable formulation to investigate the 

interfacial coalescence of a single droplet at a liquid-liquid interface as below: 

𝑡𝑖𝑐,𝑖(𝑟𝑖) = 1.046
𝜇𝑐|𝜌𝑑−𝜌𝑐|𝑔

𝜎
3
2𝐵

1
2

𝑟𝑖
9 2⁄        (67) 

Expressed by Eq. 67, the buoyancy force acting upon an isolated stationary droplet at an 

interface is given by: 

𝐹𝑑𝑟𝑜𝑝(𝑟𝑖) =
4𝜋

3
|𝜌𝑑 − 𝜌𝑐|𝑔𝑟𝑖

3        (68) 

When dealing with a dense packed layer (DPL), the droplets come into contact, leading to an 

increased force due to the stack of droplets upon one another. In such a scenario, the 

incremental volume of the droplets confined within a closely-knit arrangement of densely 

packed droplets over the incremental length of 𝑑𝑧 can be obtained using the below equation: 

𝑑𝑉𝑖,𝐷𝑃𝐿(𝑧, 𝑡) = 𝑤𝑤𝑐(𝑡)𝑑𝑧 ∫ 𝜙𝑑,𝑖(𝑦𝑖, 𝑧, 𝑡)
𝑦𝑖,𝐷𝑃𝐿(𝑧,𝑡)

0
𝑑𝑦𝑖    (69) 

The force exerted by that specific section of the DPL onto the interface can be calculated by 

considering the difference between the gravitational force and the buoyant force for a static 

condition, as shown in the following equation: 
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𝑑𝐹𝑖,𝐷𝑃𝐿(𝑧, 𝑡) = |𝜌𝑑 − 𝜌𝑐|𝑔𝑑𝑉𝑖,𝐷𝑃𝐿(𝑧, 𝑡)       (70) 

Dividing the incremental force by the corresponding incremental surface area (𝑤𝑤𝑐(𝑡)𝑑𝑧), 

the pressure originating from the DPL and applied onto the interface is derived as follows: 

𝑃𝑖,𝐷𝑃𝐿(𝑧, 𝑡) = |𝜌𝑑 − 𝜌𝑐|𝑔 ∫ 𝜙𝑑,𝑖(𝑦𝑖 , 𝑧, 𝑡)
𝑦𝑖,𝐷𝑃𝐿(𝑧,𝑡)

0
𝑑𝑦𝑖    (71) 

In Eq. 71, 𝑦𝑖,𝐷𝑃𝐿 is the DPL thickness. This parameter can be calculated by considering 

critical volume fraction (𝜙𝑐𝑟,𝑖) at which droplets make contact with each other and depends 

on the distribution of droplet sizes [8]. According to the findings of Ruiz and Padilla (1996), 

they determined the value of this parameter to be approximately 0.53 for lower inlet values of 

the dispersed phase volume fraction. Conversely, for instances involving higher inlet volume 

fractions, the critical volume fraction was adopted as the inlet volume fraction. 

For enhanced mathematical tractability, Eq. 71 can be reorganized into the subsequent 

expression: 

𝑃𝑖,𝐷𝑃𝐿(𝑧, 𝑡) = |𝜌𝑑 − 𝜌𝑐|𝑔 ∫ ℎ𝑒𝑎𝑣𝑖𝑠𝑖𝑑𝑒(𝜙𝑑,𝑖(𝑦𝑖, 𝑧, 𝑡) − 𝜙𝑐𝑟,𝑖)𝜙𝑑,𝑖(𝑦𝑖, 𝑧, 𝑡)
𝐻𝑖(𝑡)

0
𝑑𝑦𝑖

            (72) 

Likewise, the force stemming from the height of the DPL, applied to a droplet with a size 

denoted as 𝑟𝑖 that touches the liquid-liquid interface, is approximated by multiplying the DPL 

pressure by the characteristic area of the droplet (𝜋𝑟𝑖
2): 

𝐹𝑖,𝐷𝑃𝐿(𝑟𝑖, 𝑧, 𝑡) = 𝜋|𝜌𝑑 − 𝜌𝑐|𝑔𝑟𝑖
2 ∫ ℎ𝑒𝑎𝑣𝑖𝑠𝑖𝑑𝑒(𝜙𝑑,𝑖(𝑦𝑖, 𝑧, 𝑡) −

𝐻𝑖(𝑡)

0

𝜙𝑐𝑟,𝑖)𝜙𝑑,𝑖(𝑦𝑖, 𝑧, 𝑡) 𝑑𝑦𝑖         (73) 

When dealing with a DPL, the force calculated using Eq. 73 significantly outweighs the force 

of a single droplet. Consequently, the force expression can be generalized by 

straightforwardly summing the two terms as follows: 

𝐹(𝑟𝑖, 𝑧, 𝑡) =  𝐹𝑑𝑟𝑜𝑝(𝑟𝑖) + 𝐹𝐷𝑃𝐿(𝑟𝑖, 𝑧, 𝑡)       (74) 

It is notable that for practical purposes, we can simply ignore the first term in Eq. 74. 

By adapting the squeezing force in accordance with Eq. 74, the resulting interfacial 

coalescence time takes on the following form: 

𝑡𝑖𝑐,𝑖(𝑟𝑖, 𝑧, 𝑡) =
0.25

𝑘𝑐5,𝑆𝑆,𝑖

𝜇𝑐𝐹(𝑟𝑖,𝑧,𝑡)

𝜎
3
2𝐵

1
2

𝑟𝑖
3 2⁄        (75) 
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where 𝑘𝑐5,𝑆𝑆,𝑖 represents a tuning parameter to handle non-idealities such as droplet 

deformation.  

As per Eqs 74 and 75, during the initial stages when the DPL has not yet developed, the 

interfacial coalescence rate is governed by single droplet buoyancy force, yielding a 

relatively low coalescence rate that leads to droplet accumulation and the eventual formation 

of the DPL. However, once the volume fraction crosses the critical threshold, at which the 

droplets come into close contact, DPL force takes charge of the coalescence rate dynamics, 

resulting in a different behavior. 

 

 

 

3. Numerical analysis 

The droplet size coordinates for the dispersed phases in both the water-continuous and oil-

continuous layers (𝑟𝑜𝑐 and 𝑟𝑤𝑐) were discretized using two separate grids. The same grids for 

the internal domain were utilized to discretize both inlet and separation sections. The study 

utilized the orthogonal collocation technique, as described by Villadsen and Michelsen [29], 

in spectral-element framework to discretize the droplet size coordinate. Five elements were 

used for this purpose with elements’ boundaries selected according to inlet droplet size 

distribution and estimated equilibrium distribution. Additionally, same number of collocation 

points were used for all the elements.  

The finite volume method (FVM) was employed with equidistant cells to discretize the 

spatial coordinates (𝑧, 𝑦𝑜𝑐 and 𝑦𝑤𝑐) for transient solution of the problem. In this context, a 

structured mesh featuring equidistant cells in both width and height was employed. For the 

steady-state conditions, FVM discretization was only applied for the vertical coordinate while 

ODE solvers were implemented for the axial coordinate. 

To handle the advection terms, the MUSCL technique described by Anderson et al. [30] was 

used. Central differencing was used to approximate the diffusion terms in the equations. 

Further information regarding grid generation and the truncation of the internal domain as 

well as spatial coordinate discretization is available in [13]. 

Two different computational solvers were developed to handle steady-state and transient 

conditions. For transient conditions, the internal and spatial coordinates were discretized as 



23 
 

described. Subsequently, a system of ordinary differential equations (ODEs) with respect to 

time derivatives was formed. To solve this system, the adaptive Gear's backward 

differentiation scheme, introduced by Gear in 1971 [31], was employed. The adaptive nature 

of the scheme allows for efficient and accurate integration of the ODEs over time, adjusting 

the time step size as necessary to maintain stability and accuracy. 

On the other hand, for the steady-state solver, the internal coordinates (𝑟𝑜𝑐 and 𝑟𝑤𝑐)  and the 

vertical coordinates (𝑦𝑜𝑐 and 𝑦𝑤𝑐) were discretized. The subsequent system of ODEs, now 

with axial coordinate derivatives, was then integrated using Gear's method.  

It is important to highlight that the mentioned approach may not be applicable for cases with 

laminar flow since the velocity is zero at the solid-liquid interface. Consequently, the term 

involving the axial derivative at 𝑦𝑤𝑐 = 𝐻𝑤𝑐 for the water-continuous phase becomes zero. 

Alternatively, for such cases, a transient simulation can be employed with an extended 

simulation time to allow the system to reach a steady-state condition.  

Another crucial consideration pertains to ensuring that the droplet's equivalent interfacial 

coalescence velocity (𝑢𝑖𝑐) remains constrained within the bounds of the sedimentation 

velocity (𝑢𝑦) at interface, thereby preventing the emergence of unrealistic numerical results. 

To assess the accuracy and reliability of the computations, the numerical imbalances in the 

systems was calculated and observed during the simulations. Furthermore, the effect of grid 

refinement was examined as a means to ensure the accuracy of the numerical solution by 

increasing the resolution of the computational grids. More details regarding the numerical 

imbalances are presented in the supplementary material section. 

 

4. Experimental section 

Skjefstad et al. introduced the Multiple Parallel Pipe Separator (MPPS) as a novel design for 

bulk oil-water separation [32–34]. This design incorporates multiple parallel pipes, resulting 

in improved settling times and a more compact, modular, and adaptable separator compared 

to existing subsea separator design [34]. Skjefstad constructed a prototype and conducted 

experiments, examining the impact of different design parameters on separation efficiency, as 

well as the influence of surfactants and inlet choking on the performance of the separator. 

Following this, Asaadian performed comprehensive studies on the performance [35,36]. In 
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this work, the same MPPS setup is utilized to evaluate the separation process in pipes and 

investigate the effect of water-cut and flow rate on separation efficiency.  

Figure 2a showcases the components of the prototype MPPS, which include: 

 (1): Tangential Intake: This component utilizes centrifugal forces to generate pre-

separation. The heavier phase (salt water) is directed towards the pipe wall, while the 

lighter phase (oil) is directed towards the center. 

 (2): Internal Device: Positioned in the elbow immediately downstream of the T-

section, this device facilitates the transition from annular flow to a stratified regime. 

Additionally, the T-junction divides the inlet stream into two branches. 

 (3): Descending Pipe Section: incorporated for two purposes, separating gas through 

extraction points on the top (not used in the current study) and perform pre-separation 

and establish a stratified layer upstream of the horizontal section.  

 (4): Horizontal Section: This section spans 3.5 m in length and has an internal 

diameter of 150.6 mm. In this segment, the primary liquid-liquid separation occurs. 

 (5): Ascending Pipe Section: outlet points are in this section. A water-rich stream is 

extracted near the bottom of the pipe, while the oil-rich stream continues to flow 

towards its outlet nozzle. 

 (6): Oil-rich outlet nozzle. 

In the mathematical analysis and conducted simulations that follow, only the descending pipe 

section and horizontal section are considered. 

Furthermore, piping and instrumentation diagram of the experimental set-up together with 

more detailed description of the process is provided in the supplementary material. 
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Figure 2. (a)3D model of MPPS, (b) side view of MPPS including inlet and outlets connections, sampling 

points, and visualization sections [36]. 

Figure 2b presents three designated sampling points positioned at the inlet pipe, as well as the 

beginning and end of the horizontal section. These sampling points are strategically placed to 

extract samples from the dispersion layer, enabling the measurement of the water cut within 

the emulsion layer. Supplementary material showcases the utilization of the Mettler Toledo 

PVM V819 probe, which captures microscopic images from the emulsion layer through the 

designated sampling points. These images allow for real-time droplet size distribution 

measurement of the dispersion layers. Furthermore, four visualization sections are 

demarcated along the transparent horizontal pipe, facilitating the assessment of water and oil 

layer thickness using cameras.  

The experiments utilized distilled water with 3.4 wt% NaCl for the water phase, and mineral 

oil (Exxsol D60) with added surfactant for the oil phase. The surfactant was incorporated into 

the mineral oil at a concentration of 400 ppm to imitate the separation behavior of crude oil-

water emulsions. The amount of crude oil added was determined based on bottle tests, 

ensuring a similar separation time as the crude oil emulsion used in field operations at its 

operating temperature of 60°C. Detailed procedures for fluid preparation and physio-

chemical property measurements can be found in [37]. The physical properties of the fluids 

are provided in Table 1. 

Table 1. Fluid properties 



26 
 

Fluid water  oil 

Density [kg/m3]  1020.7   787.45 

Viscosity [cP]  0.99   1.31  

Temperature [degC]  20  

Interfacial tension 

[mN/m]  
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The emulsion exhibited an inversion point at approximately 30 vol% water-cut. For water-

cuts below this point, there is a transition in the continuous phase from water to oil. The study 

also encompassed an analysis of emulsion viscosities. A correlation was fine-tuned for the 

studied emulsion using the Pal Rhodes equation (Eq. 27), as elaborated upon in section 2.2.2. 

Accordingly the model parameter 𝐾𝑃𝑅,𝑤𝑐 was experimentally determined to have a value of  

0.86 [37]. 

 

Additionally, the droplet size distribution (DSD) of the separated phases was measured at the 

entry point of the horizontal section for all the cases examined. These DSDs are detailed in 

the supplementary materials section. 

The water-cuts (volumetric flow rate of water to total volumetric flow rate) of the inlet oil 

and water feed streams were determined through the following calculation: 

𝛼𝑖 =
𝜌𝑖−𝜌𝑜

𝜌𝑤−𝜌𝑜
          (76) 

where 𝑖 denotes the inlet stream (oi: oil inlet stream, wi: water inlet stream). Additionally, the 

inlet stream water cut can be determined using the following equation. 

𝛼 =
𝛼𝑜𝑖𝑄𝑜𝑖+𝛼𝑤𝑖𝑄𝑤𝑖

𝑄𝑜𝑖+𝑄𝑤𝑖
         (77) 

During the experiments, the water cut in the water stream is nearly 100%, and the oil line 

contains almost no water. However, it is important to consider the potential presence of oil in 

the water stream and water in the oil stream due to inadequate separation in the storage tank. 

The water-cut of the outlet stream as well as the separation efficiency were measured at fixed 

extraction ratio, defined as follows:  

𝐸𝑅𝑤 =
𝑄𝑤𝑜

𝑄𝑤𝑖
          (78) 
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where 𝑄𝑤𝑜 is outlet water stream flow rate. The separation efficiency is calculated by 

dividing the flow rate of extraction water by the maximum possible flow of water that can be 

separated at a specified ER. The equation is as follows: 

𝑆𝐸𝑤 =  
𝛼𝑤𝑜𝑄𝑤𝑜

𝐸𝑅𝑤𝛼(𝑄𝑜𝑖+𝑄𝑤𝑖)
         (79) 

 

5. Results and discussion 

The analysis of the experimental data was carried out through the utilization of the model. To 

enhance the numerical manageability of the model for the purpose of parameter estimation, a 

set of assumptions and considerations have been incorporated, taking into account the 

experimental observations. The following is a summary of these assumptions and 

considerations: 

 All experiments feature a single poly-dispersed layer, where water acts as the 

continuous phase. This choice is driven by the fact that the average oil fraction in all 

the experiments consistently remains below the inversion point. Consequently, the 

dispersion model is exclusively applied to the water-continuous layer, and it is 

inferred that the top layer consists of purely oil. Under this premise, it is also 

postulated that at the inlet of the separation section, the flow rate of the water-

continuous phase aligns with the overall inlet flow of the separator. 

 Due to the turbulent nature of the flow across all experiments (2000<Re<105), solely 

turbulent coalescence and breakage phenomena were considered, with the influence 

of buoyancy-induced coalescence deemed negligible. Additionally, given the 

consistently turbulent flow conditions, a simplifying assumption of plug flow was 

adopted. 

 Our analysis of the eddy diffusivity magnitude confirms that axial dispersion can be 

safely neglected in the studied system. 

 The DSD is measured at the inlet of the separation section, leading to the omission of 

the inlet section in the model's scope. The DSD curves are presented in the 

supplementary material section. 

 An assumption is made that the liquid level remains uniform along the separation 

section, irrespective of its sloped or non-sloped segments. In practice, an average 
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value derived from both inlet and outlet levels was employed in the model. The level 

profiles are presented in the supplementary section. 

 Steady-state condition prevail. Notably, all measurements were conducted subsequent 

to the establishment of these steady-state conditions. 

As described, the separation section comprises both a sloped and a horizontal segment. For 

model development, distinct dispersion models were formulated for these two sections, 

namely the descending pipe and the horizontal sections. These two sections differ in the 

determination of droplet sedimentation velocity. Notably, the outlet DSD and flow rate from 

the sloped section are adopted as the inlet boundary conditions for the subsequent horizontal 

section. All the conducted simulations include both sections. 

Six cases were experimentally studied to evaluate the effect of different parameters on the 

water separation efficiency namely, inlet water-cut (30 and 50%) and flow rate (300, 500, and 

700 L/min). All the experiments were conducted at extraction rate equal to 90%.  

As the first level of analysis, all the tuning parameters in the model were set to unity. The 

Retarded Hamaker constant holds significance in this model as another key parameter. 

Typically, this parameter should be determined experimentally; however, due to the absence 

of experimental data for the Hamaker constant in the studied system, we opted to treat it as a 

tuning parameter. Initially, we estimated the Retarded Hamaker constant using Eq. 75 and the 

shrink rate (slope at which DPL thickness changes after forming) measured at the point the 

emulsion layer is completely stablished. This rough estimation involved assuming an average 

droplet size for the DPL emulsion and calculating the Hamaker constant to get the DPL's 

shrinking rate via Eq. 75. This estimated value served as an initial guess, undergoing further 

refinement through a comparison of simulation results and the experimental data on water 

separation efficiency. Ultimately, a numerical value of 7.3 × 10−28 𝑁/𝑚2 was fine-tuned for 

this parameter. 

The model results for dispersed phase volume fraction and average droplet size of water 

continuous layer are presented in Figures 3 and 4 for all the studied cases. 
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Figure 3. Simulation results for oil volume fraction (left) and average droplet size (right) for WC = 30% and 

varying total liquid volumetric flow rates (300, 500, 700 L/min from top to bottom). 
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Figure 4. Simulation results for dispersed phase volume fraction (left) and average droplet size (right) for WC = 

50% and varying volumetric flow rates (300, 500, 700 L/min from top to bottom). 

In Figures 3 and 4, the horizontal axis is the length of the separator starting from the inlet of 

the sloped section and continuing to the end of the horizontal section, where the sloped 

section corresponds to 0 - 1.7 m. 
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In Figure 3, the dispersed phase (i.e., oil) volume fraction is 70%, whereas in Figure 4, 

similar volumetric flows are simulated, but with a lower volume fraction of approximately 

50% for the dispersed phase. 

According to the model assumption stated in Section 5, the bottom layer is an oil-in-water 

dispersion, and the top layer is pure oil. This means there is only transfer of oil droplets from 

the bottom dispersion layer to the top pure-oil layer. As a result of this droplet transfer, there 

is a decline in the total volume of oil in the bottom layer over the length of the separator, as 

depicted in the volume fraction contours in Figures 3 and 4. This volume transfer from the 

bottom dispersion to the top pure-oil layer results in a decrease in the velocity of the bottom 

layer and an increase in the velocity of the top layer, as shown in Figure 5. 

In the initial set of simulations with a higher dispersed phase volume fraction (Figure 3), it 

becomes apparent that the separation process is more challenging and less efficient. This can 

be attributed to the higher hindrance effect caused by the increased volume fraction in these 

cases. Conversely, in Figure 4, the dispersed phase layer forms more rapidly, leading to a 

more efficient separation at the interface. 

Furthermore, in the simulated scenarios depicted in Figures 3 and 4, the total volumetric flow 

rate exhibits an ascending trend from 300 to 700 L/min. The impact of this variation in 

volumetric flow rate on the separation of phases becomes evident. As the flow rate increases, 

there is a noticeable reduction in residence time, thereby affecting the overall separation 

efficiency. Consequently, effective separation is attainable at lower liquid rates, but 

challenges arise at higher rates, necessitating the extension of the separator length in cases 

involving 700 L/min. 

The velocity profiles predicted by the model along the length of the separator are provided in 

Figure 5. 
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Figure 5. Model prediction for velocity profiles along the separator length at different water-cuts and varying 

volumetric flow rates. 

In Figure 5, the velocity of the layer decreases along the length of the pipe separator. This 

phenomenon is attributed to the separation of the oil phase within this layer, subsequently 

being transferred to the upper layer at the interface. 

In simulation cases with a water cut of 50% and lower total volumetric flows (i.e., 300 and 

500 L/min), the velocity experiences a more rapid decrease. subsequently, the velocity profile 

curve becomes notably flat between the lengths of 2 and 4 meters. This flattening is 

indicative of the complete depletion of the layer from the dispersed phase. However, for the 

case with a volumetric flow of 700 L/min, this point is not reached, highlighting the 

inadequacy of the separator length for this scenario. On the contrary, in simulation cases with 

a water cut of 30%, attributed to a higher oil volumetric fraction, the layer velocity curves 

exhibit less pronounced slopes, and no flattening is achieved in any of the cases. 

Notably, the apparent nonlinearity of velocity with respect to flow rate in Figure 5 is due to 

the variations in the liquid levels across the three cases while the velocity still adheres to the 

Eq. 29.  

The comparison of the model prediction and the experimental data for the water separation 

efficiency is provided in Figure 6. 
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Figure 6. Comparison of the experimentally measured water separation efficiency with predications from the 

model for varying water-cuts and volumetric flow rates. 

Figure 6 depicts two water-cuts, each consisting of three distinct operating conditions, with 

flow rates of 300, 500, and 700 L/min. As the volumetric flow has increases, the separation 

efficiency declines as expected due to decreased residence time.  

In the studied experiments, each case has slightly different conditions from others, including 

droplet size distribution and liquid level (details in the supplementary material). 

Consequently, the conducted simulations are specific to these three operating points only, 

resulting in a non-smooth curve.  

The model predictions follow the trend in the experimental data, but there are still differences 

due to the simplifications made in the model. Particularly, it can be attributed to the fact that 

we have set all the tuning parameters to one. However, Further work can be done to refine 

these models by adjusting the tuning parameters, which would require more data to provide 

reliable estimations. 
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6. Conclusion 

A comprehensive model was formulated for 3-phase separators, divided into two primary 

sections: the inlet segment and the separation segment. The inlet section model incorporates a 

spatially homogeneous population balance model that accommodates turbulent droplet 

breakage and coalescence. The calculation of the turbulent energy dissipation rate involved 

an averaging strategy, considering the dynamic head of the multiphase stream in the inlet 

pipe. 

The separation section model encompasses hydrodynamic models and dispersion models. 

The hydrodynamic models address the transported fluid volume between dispersion layers 

and consequent change in the velocity profiles, while the dispersion models account for 

turbulent-induced breakage and coalescence, as well as buoyancy-induced coalescence. This 

adaptability allows the model to be applied under normal operational conditions and during 

transient processes, such as start-up and shut-down scenarios. 

In this investigation, a mathematical expression for the interfacial coalescence time of 

droplets was also developed. This expression is derived from the difference between 

gravitational and buoyant forces within a dense pack layer, establishing a connection between 

the thickness of the dense pack layer (DPL) and the rate of interfacial coalescence. 

Furthermore, transient level dynamics have been integrated into the model, enabling the 

exploration of control schemes and transient upset conditions. To facilitate this, two separate 

solvers have been developed to handle both steady-state and transient problems. 

To validate the mathematical model, predictions were compared against experimental data 

obtained from a multi-pipe separator, demonstrating good agreement. 

There is potential for this work to be continued. In the future, we will focus on the following 

items: 

 Validating cases with two dispersion layers in contact with mutual droplet transfer. 

 Further tuning the model using more experimental data and exploring wider operating 

windows. 
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Nomenclature 

Symbol  definition       unit 

𝐴  cross section area of dispersion layer     𝑚2 

𝐵  Hamaker constant       𝑁𝑚2 

𝐶0  model parameter for effective diffusion coefficient   𝑚 

𝐶1, 𝐶2, 𝐶3, 𝐶4 coefficients in laminar velocity profiles    𝑚 

𝐷𝑒  effective diffusion coefficient     𝑚2𝑠−1 

𝑑ℎ  hydraulic diameter       𝑚 

𝐸𝑅  extraction ratio  

𝑓  radius-based volume density distribution    𝑚−1 

𝐹  squeezing force        𝑁 

𝐹𝑑𝑟𝑜𝑝  squeezing force by a single droplet buoyancy force   𝑁 

𝐹𝐷𝑃𝐿  squeezing force by DPL buoyancy force    𝑁 

𝑔  gravitational acceleration       𝑚𝑠−2  

𝐻  dispersion layer height      𝑚  

𝐾𝐵  Boltzmann constant       𝐽𝐾−1  

𝑘𝑏1, 𝑘𝑏2 empirical tuning parameters used in breakage model  

𝑘𝑐1, 𝑘𝑐2, 𝑘𝑐3, 𝑘𝑐4, 𝑘𝑐5 empirical tuning parameters used in coalescence models  

𝐿𝑒  effective length of the separation section    𝑚 

𝑙  liquid level from bottom of the vessel    𝑚 

𝑚̇  mass flow rate        𝑘𝑔𝑠−1 

𝑛𝑖𝑐  interfacial convective flux      𝑠−1 

𝑃  wetted perimeter       𝑚 

𝑃𝑒𝑏𝑐  droplet pair Peclet number used for binary coalescence 
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𝑃𝐷𝑃𝐿  squeezing pressure by DPL buoyancy force    𝑃𝑎 

𝑄  volumetric flow rate       𝑚3𝑠−1 

𝑅  cylindrical vessel radius       𝑚 

𝑅𝑏𝑏  breakage birth rate for radius-based volume density   𝑚−1𝑠−1 

𝑅𝑏𝑑  breakage death rate for radius-based volume density  𝑚−1𝑠−1 

𝑅𝑐𝑏  coalescence birth rate for radius-based volume density  𝑚−1𝑠−1 

𝑅𝑐𝑑  coalescence death rate for radius-based volume density  𝑚−1𝑠−1 

𝑅𝑒  Reynolds number 

𝑟  droplet radius         𝑚 

𝑆𝐸  separation efficiency 

𝑇  absolute temperature       𝐾 

𝑡  time         𝑠 

𝑡𝑏𝑐  binary film drainage and rupture (coalescence) time  𝑠 

𝑡𝑖𝑐  interfacial film drainage and rupture (coalescence) time  𝑠 

𝑡𝑓  final time        𝑠 

𝑡𝑟  residence time        𝑠 

𝑢  velocity        𝑚𝑠−1 

𝑢𝑖𝑐  equivalent droplet interfacial velocity for a coalescing droplet 𝑚𝑠−1 

𝑢𝑠  slip velocity between continuous and dispersed phases  𝑚𝑠−1 

𝑉  volume        𝑚3 

𝑤  width of dispersion layer formed as a circular segment  𝑚 

𝑊  width of dispersion layer when geometrically mapped to a rectangle 𝑚 

𝑦  vertical direction variable      𝑚 

𝑧  axial direction variable      𝑚 

Greek symbol definition        unit 

𝛼  water cut in the inlet stream 

𝛽  radius-based daughter distribution     𝑚−1  

𝛾  breakage frequency       𝑠−1  

𝛿   angle between the separator's axial direction and the horizontal axis 

𝜀  turbulent energy dissipation rate      𝑚2𝑠−3 

𝜃       central angle for a circular segment      𝑟𝑎𝑑 

𝜅  coalescence rate       𝑚3𝑠−1 

𝜇  dynamic viscosity       𝑁𝑚−2𝑠 
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𝜇𝑟  average droplet radius      𝑚  

𝜈  kinematic viscosity       𝑚2𝑠−1 

𝜌  density          𝑘𝑔𝑚−3 

𝜎  interfacial tension       𝑁𝑚−1 

𝜑  split factor 

𝜙  volume fraction     

𝜙𝑚  model parameter for effective diffusion coefficient  

𝜓  binary droplet coalescence efficiency  

𝜔  binary droplet collision rate      𝑚3𝑠−1 

Subscript  definition       

0  initial condition  

𝑏  buoyancy-induced coalescence  

𝑐  continuous phase  

𝑑  dispersed phase 

𝐷𝑃𝐿  dense packed layer 

𝑖  dispersion layer identifier (oc or wc) 

𝑖𝑛  inlet 

𝐼𝑆  inlet section 

𝑙  liquid mixture 

𝑜  oil phase 

𝑜𝑐  oil-continuous dispersion layer 

𝑜𝑖  oil inlet stream 

𝑜𝑢𝑡  outlet 

𝑆𝑆  separation section 

𝑡  turbulent-induced coalescence / breakage 

𝑤  water phase 

𝑤𝑐  water-continuous dispersion layer 

𝑤𝑖  water inlet stream 

𝑤𝑜  water outlet stream 
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Abstract 

In this study, we have developed a mathematical model for a three-phase separator. The 

model consists of two sections: the inlet section and the separation section, separated by a 

perforated calming baffle. In the inlet section, two dispersion layers undergo droplet size 

evolution due to turbulent breakage and coalescence, described by a spatially homogeneous 

PBE. In the separation section, the two dispersion layers flow alongside each other and 

interact at an interface. The volumetric flow and velocity profiles are influenced by interfacial 

coalescence, with considerations for plug and laminar flow assumptions. The model 

incorporates droplet gravity-driven transport using the Kumar and Hartland model, binary 

and interfacial coalescence employing a film drainage model, and an effective diffusion term 

to account for the formation of the dense packed layer which ensures a physical volume 

fraction range of 0-1. Steady-state and transient numerical solvers are developed to solve the 

resulting advection-diffusion equations. Additionally, a series of experiments were conducted 

using a lab-scale multi-parallel pipes separator to investigate the impact of varying volume 

fractions and flow rates on the separation efficiency of the equipment. The model results are 

compared with the experimental data which shows relatively good agreement.  
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1. Introduction 

Gravitational separators play a vital role in the crude oil industry due to their cost-

effectiveness and simplicity [1]. The significance of this process has been further amplified 

by the escalating production of water in existing oil fields and the extraction of heavier crude 

oil reserves. The behavior and stability of emulsions encountered in the petroleum industry 

can vary extensively, mainly due to the compositional variations in crude oil and water [2]. 

The aforementioned challenge has posed significant difficulties in developing an inclusive 

model for oil/water separation. Building such a model has proven to be a complex task due to 

the multitude of assumptions and varying levels of complexity involved.  

In their study, Wang and Davis [3] investigated a batch separation process that involved 

concurrent sedimentation and coalescence of droplets. They employed simplifications in their 

modeling approach, such as assuming a dilute dispersion and neglecting resistance to 

interfacial coalescence. Cunha et al. [4] devised their PBE model for simultaneous 

sedimentation and Brownian motion, considering stokes terminal velocity and binary droplet 

coalescence. They made several assumptions, including a proportional interfacial coalescence 

velocity with the height of the dense packed layer (DPL). Additionally, they introduced three 

tuning parameters for the droplet terminal velocity, binary coalescence rate, and interfacial 

coalescence rate to align the model with their experimental observations of a crude oil-water 

system. Grimes [5] developed a model by incorporating the hindered settling velocity model 

initially proposed by Richardson and Zaki [6], along with a film drainage model to account 

for simultaneous binary and interfacial coalescence. To handle the complex issue of the 

moving boundary arising from homophase growth, Grimes employed a temporal-spatial 

transformation approach. In a subsequent publication [7], the model's validity and accuracy 

were demonstrated through comparisons with experimental data. 

García and Betancourt [8] proposed their model by adopting various coalescence rates. They 

utilized the coalescence model of Rogers and Davis [9] for the sedimentation zone while 

coalescence rate by Ruiz and Padilla [10] was utilized for the DPL. The droplet slip velocity 

was estimated using the Kumar and Hartland equation [11]. Their model also incorporated a 

correction procedure to deactivate the coalescence birth term for unphysical volume fraction 

values exceeding unity. In a subsequent study, they expanded the model to simulate 

continuous separators [12]. Assar et al. [13] made another progress in this field by presenting 

a mathematical model for batch separation processes. They conducted a comparative analysis 
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of various models for droplet slip velocity and concluded that the Kumar and Hartland model 

yields better agreement with experimental data. Another important aspect of their work 

involves mathematical model for the formation of the DPL. To address this, they introduced 

effective diffusion into the model as an advection-diffusion equation. They selected a suitable 

closure model for the effective diffusion coefficient to ensure the physical volume fraction 

range (0-1). Finally, they fine-tuned the proposed closure model using experimental data 

obtained from NMR (Nuclear Magnetic Resonance) techniques with a wide range of water 

volume fractions (20-60%). 

An alternative approach in modeling involves the combination of the population balance 

equation and computational fluid dynamics (PBE-CFD) using readily available CFD software 

packages. Panjwani et al. [1] employed such a model to investigate the DPL in a continuous 

separator. Oshinowo et al. [2] applied a multi-fluid Eulerian multiphase approach to model 

batch separation and validated their model against experimental data obtained through the 

ultrasonic technique. In a subsequent study [14], they applied a similar model to a three-phase 

separator.  

The CFD-PBE approach encounters certain challenges due to its computational complexity 

and resource-intensive nature. These factors can pose limitations on its practical application 

in various engineering scenarios, including design, model tuning, facilitating scale-ups, 

process control, and process optimization. Moreover, incorporating the internal components 

of a three-phase separator, such as the inlet device or calming baffle, into these CFD models 

presents difficulties and restrictions that are often overlooked in related studies. However, the 

majority of industrial three-phase separators operate with these internal elements, which their 

presence significantly impacts the overall efficiency of the process. 

Accordingly, the development of an effective model for oil/water separation faces several 

challenges that need to be addressed. These challenges include considering dispersion in both 

aqueous and hydrocarbon phases, accurately defining the interfacial coalescence between the 

layers, accounting for hydrodynamic effects, addressing inlet device and turbulence-induced 

breakage at the inlet section of a separator, and ensuring computational efficiency and 

robustness for widespread use in various engineering activities. In the presented manuscript, 

we have made efforts to tackle these challenges by striking a balance between the complexity 

of the physical phenomena included in the model and computational efficiency. The proposed 

model aims to capture the underlying physical mechanisms in the system to a significant 
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extent, while still incorporating some tuning parameters to compensate for simplifying 

assumptions. This approach allows for a more comprehensive understanding of the system 

while maintaining practical usability and computational feasibility. 

Furthermore, a series of experiments were conducted utilizing a lab-scale multi-parallel pipes 

separator to investigate the influence of varying volume fractions and flow rates on the 

equipment's separation efficiency. Subsequently, the model predictions are validated against 

the experimental findings. 

 

2. Mathematical Model 

The three-phase separator is divided into two sections: the inlet section and the separation 

section, as depicted in Figure 1a. These sections are separated by a perforated thick plate 

usually known as a calming baffle. In the inlet section, the flow is typically turbulent and 

chaotic. The purpose of the calming baffle is to smoothen the flow, allowing droplets to 

coalesce and settle under the influence of the gravity. 

The model proposed in this study is distinctive in its incorporation of both dispersion and 

creaming in oil-in-water and dispersion and sedimentation in water-in-oil emulsions, ensuring 

its generality. Nevertheless, for the purpose of comparing with experimental data, the model 

exclusively considers creaming in oil-in-water emulsion. 

The sub-models for the two sections are as follows.  
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Figure 1. (a) schematic of a three-phase separator with oil-continuous, water-continuous and vapor phases, inlet 

and separation sections are separated using a calming baffle.  (b) inlet section encompassing an inlet device (c) 

geometrical averaging and transforming the circular segments to rectangles. 

 

2.1.Inlet section model 

Figure 1b illustrates the schematic representation of the inlet section in a separator. The three-

phase flow is delivered into this section through the inlet device. The assumption is made that 

the gas phase separates completely from the liquid phase. Furthermore, it is assumed that the 

liquid phase partially separates into two dispersions: oil-in-water (wc: water-continuous) and 

water-in-oil (oc: oil-continuous). These dispersions then undergo droplet size evolution as a 

result of turbulence-induced breakage and coalescence processes.  

 

2.1.1. Partial water-oil separation 

Becki et al. [15] introduced the concept of split factors to describe the partial separation of 

water and oil in the inlet section. These split factors, denoted as 𝜑𝑜 and 𝜑𝑤, are used to 

determine the flow rate and volume fraction of the oil-continuous and water-continuous 

layers. 𝜑𝑜 and 𝜑𝑤 are equal the volume fraction of the total oil in the oil-continuous layer and 

fraction of total water in the water-continuous layer, respectively. Typical values suggested 
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by Becki et al. for these split factors ranges between 0.7 – 0.9. The specific values of the split 

factors are not fixed and can vary depending on the inlet flow rate and flow regime as well as 

the inlet device type and design. However, these values are still constrained by the inversion 

point and the ability of fluids to form stable emulsions. Using these split factors, we can 

calculate the volumetric flow rates (𝑄𝑜𝑐, 𝑄𝑤𝑐) and the volume fractions of the dispersed phase 

(𝜙𝑜𝑐 , 𝜙𝑤𝑐) in oil- and water-continuous dispersion layers as follows: 

𝑄𝑜𝑐(𝑡) = 𝜑𝑜𝑄𝑜(𝑡) + (1 − 𝜑𝑤)𝑄𝑤(𝑡)       (1) 

𝑄𝑤𝑐(𝑡)  = 𝜑𝑤𝑄𝑤(𝑡)  + (1 − 𝜑𝑜)𝑄𝑜(𝑡)        (2) 

𝜙𝑜𝑐(𝑡) =
(1−𝜑𝑤)𝛼(𝑡)

𝜑𝑜(1−𝛼(𝑡))+(1−𝜑𝑤)𝛼(𝑡)
       (3) 

𝜙𝑤𝑐(𝑡) =
(1−𝜑𝑜)(1−𝛼(𝑡))

𝜑𝑤𝛼(𝑡)+(1−𝜑𝑜)(1−𝛼(𝑡))
       (4) 

where  𝑄𝑜 and 𝑄𝑤 are total oil and water volumetric flows, and 𝛼 is the water cut in the inlet 

liquid stream. Alternatively, if the volume fractions of the dispersed layers are known, the 

volumetric flow rates can be calculated using the following equations: 

𝑄𝑜𝑐(𝑡) =
𝑄𝑜(𝑡)−𝜙𝑤𝑐(𝑄𝑜(𝑡)+𝑄𝑤(𝑡))

1−𝜙𝑜𝑐−𝜙𝑤𝑐
        (5) 

𝑄𝑤𝑐(𝑡) =
𝑄𝑤(𝑡)−𝜙𝑜𝑐(𝑄𝑜(𝑡)+𝑄𝑤(𝑡))

1−𝜙𝑜𝑐−𝜙𝑤𝑐
        (6) 

 

2.1.2. Dispersion model 

The dispersions arriving to the inlet section partially split and go through droplet size 

evolution due to turbulence-induced breakage and coalescence mechanisms. The evolution of 

droplets size in each dispersion layer can be expressed by a population balance equation 

(PBE) for a spatially homogeneous chamber with inflow and outflow as below: 

𝜕𝑓𝐼𝑆,𝑖(𝑟𝑖,𝑡)

𝜕𝑡
= ∫ 2𝛾𝑡,𝑖(𝑟𝑖

′, 𝑡)𝛽(𝑟𝑖
′, 𝑟𝑖)𝑓𝐼𝑆,𝑖(𝑟𝑖

′, 𝑡)
𝑟𝑖

3

𝑟𝑖′3

∞

𝑟𝑖
𝑑𝑟𝑖

′ − 𝛾𝑡,𝑖(𝑟𝑖, 𝑡)𝑓𝐼𝑆,𝑖(𝑟𝑖, 𝑡) +

(
3

4𝜋
) ∫ 𝜅𝑡,𝑖(𝑟𝑖

′, 𝑟𝑖
′′, 𝑡)𝑓𝐼𝑆,𝑖(𝑟𝑖

′, 𝑡)𝑓𝐼𝑆,𝑖(𝑟𝑖
′′, 𝑡)

𝑟𝑖
5

𝑟𝑖′3𝑟𝑖
′′5

𝑟𝑖

√2
3

0
𝑑𝑟𝑖

′ −

(
3

4𝜋
) 𝑓𝐼𝑆,𝑖(𝑟𝑖, 𝑡) ∫ 𝜅𝑡,𝑖(𝑟𝑖

′, 𝑟𝑖, 𝑡)𝑓𝐼𝑆,𝑖(𝑟𝑖
′, 𝑡)

1

𝑟𝑖′3 𝑑𝑟𝑖
′∞

0
+

1

𝑡𝑟,𝐼𝑆(𝑡)
[𝑓𝑖𝑛,𝑖(𝑟𝑖, 𝑡) −

𝑓𝐼𝑆,𝑖(𝑟𝑖, 𝑡)]  ∀ 𝑟𝑖|0≤𝑟𝑖≤∞, 𝑡|0<𝑡≤𝑡𝑓
            (7) 



7 
 

where the subscript 𝑖 shows the dispersion layer (oc: oil-continuous and wc: water-

continuous). 𝑓𝐼𝑆,𝑖(𝑟𝑖, 𝑡) is the radius-based volume density distribution of droplet size 𝑟𝑖 in the 

inlet section (refer to Assar et al. [13] for derivation of radius-based PBE);  𝑟𝑖 is the droplet 

radius; 𝑡 is time; 𝑡𝑟,𝐼𝑆(𝑡) is the average residence time in the inlet chamber and is calculated 

as the liquid volume of the inlet section divided by the total flow rate of oil and water. 

Importantly, the time functionality in this term will allow to capture transient variations in the 

liquid level. 𝛾𝐼𝑆,𝑖(𝑟𝑖, 𝑡) is the breakage frequency of droplet size 𝑟𝑖; 𝛽(𝑟𝑖
′, 𝑟𝑖) is radius-based 

daughter distribution of droplet radius 𝑟𝑖 resultant from binary breakage of droplet size 𝑟𝑖
′; 

𝜅𝐼𝑆,𝑖(𝑟𝑖
′, 𝑟𝑖, 𝑡) is the coalescence rate between droplet sizes of 𝑟𝑖

′ and 𝑟𝑖. 𝑟𝑖′′ in the coalescence 

birth rate term is equal to (𝑟𝑖
3 − 𝑟𝑖′

3)1/3. 𝑓𝑖𝑛,𝑖 represents the droplet size distribution of the 

inlet flow. This inlet distribution can be affected by the flow regime in the upstream pipeline. 

Additionally, presence of processes generating high shear rates such as pump and choke 

valves can significantly reduce the inlet droplet size distribution received at the separator. Eq. 

7 can be solved subject to the below initial condition: 

𝑓𝐼𝑆,𝑖(𝑟𝑖, 𝑡) = 𝑓𝐼𝑆,𝑖,0(𝑟𝑖)        𝑎𝑡   𝑡 = 0   ,   ∀ 𝑟𝑖|0≤𝑟𝑖≤∞      (8) 

In the turbulent and chaotic flow of the inlet section, the predominant phenomena are droplet 

breakage and binary coalescence caused by turbulent fluctuations. Various kernels have been 

proposed to model these breakage and coalescence processes. A good summary of that can be 

found in [16]. The coalescence rate is normally expressed as the product of collision rate and 

coalescence efficiency as follows: 

𝜅𝑡,𝑖(𝑟𝑖
′, 𝑟𝑖, 𝑡) = 𝜔𝑡,𝑖(𝑟𝑖

′, 𝑟𝑖, 𝑡)𝜓𝑡,𝑖(𝑟𝑖
′, 𝑟𝑖, 𝑡)       (9) 

The collision rate function can be selected according to Prince and Blanch [17] as below: 

𝜔𝑡,𝑖(𝑟𝑖
′, 𝑟𝑖, 𝑡) = 𝑘𝑐1𝜋2(

1

3
)𝜀𝑖(𝑡)(

1

3
)(𝑟𝑖′ + 𝑟𝑖)

2(𝑟𝑖′
(2/3) + 𝑟𝑖

(2/3))(
1

2
)
   (10) 

The coalescence efficiency function can be selected according to Chesters [18] which is 

based on the film drainage mechanism between colliding droplets. This function is as 

follows: 

𝜓𝑡,𝑖(𝑟𝑖
′, 𝑟𝑖, 𝑡) = exp (−

1

𝑘𝑐2
2(−

1

6
) 𝜌𝑐

(
1
2

)
𝜀𝑖(𝑡)

(
1
3

)

𝜎
(

1
2

)
(

1

𝑟𝑖′
+

1

𝑟𝑖
)

(−
5

6
)

)    (11) 

The model proposed by Vankova et al. [19] is employed for the breakage frequency as 

follows: 
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𝛾𝑡,𝑖(𝑟𝑖, 𝑡) = 𝑘𝑏1
𝜀𝑖(𝑡)

(
1
3

)

2
(

2
3

)
(

𝜌𝑑

𝜌𝑐
)

(
1

2
) 1

𝑟𝑖
(

2
3

)
 exp (−

1

𝑘𝑏2

𝜎

2
(

5
3

)
𝜌𝑑,𝑖𝜀𝑖(𝑡)

(
2
3

)

1

𝑟𝑖
(

5
3

)
)  (12) 

The daughter size distribution for binary breakage of droplets, by Coulaloglou and Tavlarides 

[20], is also employed as follows: 

𝛽(𝑟𝑖′, 𝑟𝑖) = 7.2
𝑟𝑖

2

𝑟𝑖′3 exp (−4.5
(2𝑟𝑖

3−𝑟𝑖′3)2

𝑟𝑖′6 )      (13) 

The turbulence dissipation rate is the most important parameter for calculating the 

coalescence and breakage rates. In our model, the inlet section is assumed to be spatially 

homogeneous. Therefore, in order to solve the equations, the dissipation rate needs to be 

spatially averaged over the inlet section volume to make it independent of spatial variations. 

This term can be calculated by considering the kinetic energy of the liquid mixture in the inlet 

pipe as the main source for generating turbulence in the system. By this assumption, the 

spatially-averaged turbulence dissipation rate becomes: 

𝜀𝑖(𝑡) =
𝑚̇𝑙(𝑡)𝑢𝑖𝑛(𝑡)2/2

𝜌𝑐𝑉𝐼𝑆(𝑡)
         (14) 

The term on the nominator of Eq. 14 is the kinetic energy of the liquid mixture in the inlet 

pipe to the separator, 𝜌𝑐 is the continuous phase density in the dispersion i, and 𝑉𝐼𝑆 is the 

volume of the inlet section. Eq. 14 can be simplified and rearranged to the following form: 

𝜀𝑖(𝑡) =
𝑢𝑖𝑛(𝑡)2

2𝑡𝑟,𝐼𝑆(𝑡)
         (15) 

The inlet device plays a crucial role in receiving the inlet stream and controlling its 

momentum to facilitate gas-liquid separation while avoiding undesirable phenomena like 

foam, tight emulsions, and droplet carryover in vapor phase. For further study on inlet 

devices, Bothamley [21] provides a comprehensive analysis. The spatial homogeneity 

assumption can be compromised by the choice of inlet device types such as diverter plates, 

reverse pipes, half pipes, and dished heads, which can generate non-uniform flow patterns. 

However, more advanced designs like vane-type and cyclonic-type inlet devices produce less 

turbulent local regions in the inlet section. 

To thoroughly assess the impact of inlet devices, it is imperative to incorporate the 

momentum equation, accounting for the inertial and centrifugal forces inherent in these 

devices. Given the intricate nature of such devices, a 3D analysis becomes essential to 

capture the entirety of these effects. However, it is noteworthy that this study omits such 
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considerations. Instead, to mitigate uncertainties stemming from the described averaging 

strategy, the tuning parameters  𝑘𝑐1, 𝑘𝑐2, 𝑘𝑏1 and 𝑘𝑏2 are introduced in Eqs 10-12. These 

parameters are anticipated to be correlated with the specific type of inlet device as well as 

inlet flow rates.  

Eq. 7 represents a transient equation that allows for the analysis of the dynamics in the inlet 

section of a three-phase separator. However, when we are interested in the steady-state 

behavior, the transient term on the left side of Eq. 7 can be ignored since it becomes zero. 

Another potential simplification for the model is applicable in systems where the droplet size 

distribution rapidly reaches an equilibrium state because of swift dynamics. If the transient 

time scale of droplet size evolution is orders of magnitude smaller than the residence time of 

the inlet section, the last term on the right-hand-side side of Eq. 7 related to inflow/outflow 

becomes insignificant. In other words, if the geometric design of the inlet section allows for a 

residence time long enough to allow the coalescence and breakage mechanisms to equilibrate 

in the flow field of the inlet section, then the inlet drop size distributions from the upstream 

are irrelevant. As a result, we can assume that the system's behavior becomes independent of 

the inlet droplet size distribution, and the equilibrium distribution can be achieved by solving 

the steady-state form of Eq. 7 while ignoring the last term. For the calculation of the transient 

time scale of droplet size evolution, we refer the reader to Assar and Grimes [22]. 

 

2.2.Separation section 

As mentioned, the separation section is the region downstream of the calming baffle. Here, 

the flow is less turbulent, which enhance droplets coalescence and settle due to gravity. The 

zone's model is composed of various sub-models. We introduced transient models to maintain 

the generality of the overall models. However, during the derivation process, we relied on 

quasi-steady state assumptions for both flow rate and level. The model for this zone is 

described in the following sections. 

 

2.2.1. Geometrical averaging 

Circular segments are formed by the liquid levels in a horizontal cylindrical separator as 

depicted in Figure 1c. The wetted perimeter (𝑃𝑖), area (𝐴𝑖), and volume (𝑉𝑖) of the liquid 
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segments formed for water-continuous (𝑤𝑐) and oil-continuous (𝑜𝑐) layers can be calculated 

as follows: 

𝑃𝑤𝑐 = 𝜃𝑤𝑐𝑅           (16) 

𝑃𝑜𝑐 = 𝜃𝑜𝑐𝑅 − 𝑃𝑤𝑐         (17) 

𝐴𝑤𝑐 =
𝜃𝑤𝑐𝑅2

2
−

(𝑅−𝑙𝑤𝑐)𝑤𝑤𝑐

2
        (18) 

𝐴𝑜𝑐 =
𝜃𝑜𝑐𝑅2

2
−

(𝑅−𝑙𝑜𝑐)𝑤𝑜𝑐

2
− 𝐴𝑤𝑐       (19) 

𝑉𝑖 = 𝐴𝑖𝐿𝑒,𝑖          (20) 

The segment width (𝑤𝑖) and segment angle (𝜃𝑖) are calculated as below: 

𝑤𝑖 = 2√(2𝑅𝑙𝑖 − 𝑙𝑖
2)          (21) 

𝜃𝑖 = 2acos (
𝑅−𝑙𝑖

𝑅
)         (22) 

where 𝑙𝑖 is the liquid level from bottom of the separator, 𝐿𝑒,𝑖 is the effective separation 

section length (distance from the calming baffle to the outlet nozzle for the water-continuous 

layer and distance from the calming baffle to overflow weir for the oil-continuous layer; 

however, an average of both can be used for the simulation), and 𝑅 is the radius of the 

separator. 

Treating a three-phase separator as a 3D object, especially when coupled with a PBE, results 

in a computationally expensive problem due to the high dimensionality. Transient analysis of 

this system involves dealing with five different dimensions. To simplify the problem, we only 

consider the relevant dimensions for droplet transport, which are the axial and vertical 

directions. This approach follows the method proposed by Backi et al. [15]. In this approach, 

we disregard the outlet nozzle effect, which would require a 3D modeling approach.  

To achieve this, we need to take the average of the dimensions and transform the geometry of 

the circular segments into rectangles. For the water-continuous layer (also for oil-continuous 

layer if no vapor phase is present in the system), the key factor in this mapping is averaging 

the vertical distance from the bottom/top (which are curved) to the interface. For oil-

continuous layer, the height of the layer was kept equal to the difference between the levels 

and the width was calculated by keeping the cross-section area constant. Accordingly, the 
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circular segments are transformed to rectangles as shown in Figure 1c. with the following 

widths and heights: 

𝐻𝑤𝑐 =
𝐴𝑤𝑐

𝑤𝑤𝑐
             (23) 

𝐻𝑜𝑐 = 𝑙𝑜𝑐 − 𝑙𝑤𝑐             (24) 

 

2.2.2. Velocity profiles 

In the majority of industrial three-phase separators, the flow is typically slightly turbulent. 

When considering the flow of liquids with a free liquid surface, the transition to turbulent 

flow regime occurs at approximately Reynolds number of 1500 [23]. This transition 

Reynolds number, calculated at the inlet of the separation sections, can serve as a criterion for 

selecting flow regime and consequently appropriate model solver. The Reynolds number is 

defined as: 

𝑅𝑒𝑖(𝑧, 𝑡) =
𝜌𝑖(𝑧,𝑡)𝑢𝑧,𝑖(𝑧,𝑡)𝑑ℎ,𝑖(𝑡)

𝜇𝑖(𝑧,𝑡)
        (25) 

where 𝑢̅𝑧,𝑖 is the average axial velocity; the dispersion density can be calculated by using 

volume fraction weighted density as suggested by Schumann [24] and dispersion viscosity is 

estimated according to Pal Rhodes [25]: 

𝜌𝑖(𝑧, 𝑡) = 𝜙𝑤(𝑧, 𝑡)𝜌𝑤 + 𝜙𝑜(𝑧, 𝑡)𝜌𝑜       (26) 

𝜇𝑖(𝑧, 𝑡) = 𝜇𝑐 [1 +
𝜙𝑑(𝑧,𝑡)/𝐾𝑃𝑅,𝑖

1.1884−𝜙𝑑(𝑧,𝑡)/𝐾𝑃𝑅,𝑖
]

2.5

      (27) 

The parameter 𝐾𝑃𝑅,𝑖 needs to be determined experimentally for the emulsion under 

investigation.  

In Eq. 25, 𝑑ℎ,𝑖(𝑡) is the hydraulic diameter of the dispersion layer and defined as below: 

𝑑ℎ,𝑖(𝑡) = 4
𝐴𝑖(𝑡)

𝑃𝑖(𝑡)
         (28) 

In Eq. 28, the inclusion of time functionality serves to extend the model's applicability to 

scenarios involving transient change in the liquid level. For turbulent cases, a plug flow 

assumption has been used in the model. Accordingly, the average axial velocity for each layer 

can be calculated as below: 
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𝑢𝑧,𝑖(𝑧, 𝑡) =
𝑄𝑖(𝑧,𝑡)

𝐴𝑖(𝑡)
          (29) 

It is important to emphasize that the flow rates, 𝑄𝑖, are no longer assumed to be constant due 

to the quasi-steady state assumption. Instead, it can now vary with time and axial location. 

The time dependence arises from transient variations in the inlet flow rate and interfacial 

coalescence rate. Similarly, the axial dependence is introduced through the interfacial 

coalescence, which leads to changes in the flow rate of the dispersion layer. 

For laminar flow regime, by changing the problem to a 2D geometry, a simplification of the 

momentum and continuity equations can be achieved using the below assumptions:  

 The velocity profile is assumed to be fully developed along the length of the 

separator. The end effects such as that of the outlet nozzle are considered to be 

negligible. Therefore, the fluid velocity in x and y directions are zero. 

 It is assumed that any transient changes in the flow rates and liquid levels occur 

slowly enough so that the velocity profiles can rapidly establish themselves at any 

given time. This assumption implies that the velocity profiles adjust quickly in 

response to changes in flow rates and liquid levels, allowing for a quasi-steady state 

behavior in the system. 

 The changes of the flow rates in the axial direction are small enough that the velocity 

profiles can rapidly establish themselves at any location by quickly responding to 

flow rate changes. 

 The velocity differences between the two layers are assumed to be sufficiently small. 

This assumption ensures that the interface between the layers remains undisturbed, 

eliminating the need for complex 3D modeling to account for possible vorticity. 

 At the interfaces between the liquid-solid and liquid-liquid phases, it is assumed that 

there is no slip velocity. 

 The assumption is made that the shear stress at the gas-liquid interface is negligible. 

 The density and viscosity of the mixture are assumed to be uniform along the vertical 

axis (y) within each dispersion layer. In practical terms, average values of mixture 

density and viscosity over the y-axis are used, with the understanding that these 

properties may vary with time and along the z-axis. 

By employing the aforementioned assumptions, it is possible to derive an analytical 

expression for the laminar profile through the solution of the momentum and continuity 
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equations. For a more comprehensive understanding of the detailed description and 

derivation, interested readers are encouraged to refer to the supplementary material section in 

this paper. 

𝑢𝑧,𝑤𝑐(𝑦𝑤𝑐, 𝑧, 𝑡) = 3(𝐻𝑤𝑐 − 𝑦𝑤𝑐)
𝐶1,𝑤𝑐(𝐻𝑤𝑐−𝑦𝑤𝑐)+𝐶2,𝑤𝑐

𝐶3,𝑤𝑐
    (30) 

𝑢𝑧,𝑜𝑐(𝑦𝑜𝑐, 𝑧, 𝑡) = 3
𝐶1,𝑜𝑐(𝑦𝑜𝑐+𝐻𝑤𝑐)2+𝐶2,𝑜𝑐(𝑦𝑜𝑐+𝐻𝑤𝑐)+𝐶3,𝑜𝑐

𝐶4,𝑜𝑐
    (31) 

where the coefficients in Eqs. 30, 31 are as below: 

𝐶1,𝑤𝑐(𝑧, 𝑡) = 3𝑄𝑜𝑐𝜇𝑜𝑐𝑊𝑤𝑐𝐻𝑤𝑐
2 − 2𝑄𝑤𝑐𝜇𝑤𝑐𝑊𝑜𝑐𝐻𝑜𝑐

2 − 6𝑄𝑤𝑐𝜇𝑜𝑐𝑊𝑜𝑐𝐻𝑜𝑐𝐻𝑤𝑐 (32) 

𝐶2,𝑤𝑐(𝑧, 𝑡) = 6𝑄𝑤𝑐𝜇𝑜𝑐𝑊𝑜𝑐𝐻𝑜𝑐𝐻𝑤𝑐
2 + 4𝑄𝑤𝑐𝜇𝑤𝑐𝑊𝑜𝑐𝐻𝑜𝑐

2𝐻𝑤𝑐 − 2𝑄𝑜𝑐𝜇𝑜𝑐𝑊𝑤𝑐𝐻𝑤𝑐
3 

(33) 

𝐶3,𝑤𝑐(𝑧, 𝑡) = 𝑊𝑜𝑐𝑊𝑤𝑐𝐻𝑜𝑐𝐻𝑤𝑐
3(4𝜇𝑤𝑐𝐻𝑜𝑐 + 3𝜇𝑜𝑐𝐻𝑤𝑐)    (34) 

𝐶1,𝑜𝑐(𝑧, 𝑡) = 3𝑄𝑤𝑐𝜇𝑤𝑐𝑊𝑜𝑐𝐻𝑜𝑐 − 2𝑄𝑜𝑐𝜇𝑤𝑐𝑊𝑤𝑐𝐻𝑤𝑐     (35) 

𝐶2,𝑜𝑐(𝑧, 𝑡) = 4𝑄𝑜𝑐𝜇𝑤𝑐𝑊𝑤𝑐𝐻𝑤𝑐
2  +  4𝑄𝑜𝑐𝜇𝑤𝑐𝑊𝑤𝑐𝐻𝑜𝑐𝐻𝑤𝑐 − 6𝑄𝑤𝑐𝜇𝑤𝑐𝑊𝑜𝑐𝐻𝑜𝑐

2 −

6𝑄𝑤𝑐𝜇𝑤𝑐𝑊𝑜𝑐𝐻𝑜𝑐𝐻𝑤𝑐          (36) 

𝐶3,𝑜𝑐(𝑧, 𝑡) = 2𝑄𝑤𝑐𝜇𝑤𝑐𝑊𝑜𝑐𝐻𝑜𝑐
3 − 2𝑄𝑜𝑐𝜇𝑤𝑐𝑊𝑤𝑐𝐻𝑤𝑐

3 + 𝑄𝑜𝑐𝜇𝑜𝑐𝑊𝑤𝑐𝐻𝑜𝑐𝐻𝑤𝑐
2 −

4𝑄𝑜𝑐𝜇𝑤𝑐𝑊𝑤𝑐𝐻𝑜𝑐𝐻𝑤𝑐
2 + 3𝑄𝑤𝑐𝜇𝑤𝑐𝑊𝑜𝑐𝐻𝑜𝑐𝐻𝑤𝑐

2 + 6𝑄𝑤𝑐𝜇𝑤𝑐𝑊𝑜𝑐𝐻𝑜𝑐
2𝐻𝑤𝑐   (37) 

𝐶4,𝑜𝑐(𝑧, 𝑡) = 𝑊𝑜𝑐𝑊𝑤𝑐𝐻𝑜𝑐
2𝐻𝑤𝑐(4𝜇𝑤𝑐𝐻𝑜𝑐 + 3𝜇𝑜𝑐𝐻𝑤𝑐)     (38) 

It is worth emphasizing that due to the quasi-steady state assumption, the volumetric flow 

rates, 𝑄𝑜𝑐 and 𝑄𝑤𝑐, are now allowed to vary with both time and axial location. On the other 

hand, the liquid levels and widths, 𝐻𝑜𝑐, 𝐻𝑤𝑐, 𝑊𝑜𝑐 and 𝑊𝑤𝑐 solely vary with time. 

Additionally, the dispersion viscosities, 𝜇𝑜𝑐 and 𝜇𝑤𝑐 need to be calculated taking into account 

the dispersed phase average volume fraction in the vertical direction. Since this value can 

change with time and axial location, the viscosities should be updated accordingly at each 

time and axial location in order to more accurately capture the behavior of the system. 

 

2.2.3. Dispersion model 
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In instances where no coalescing unit (whether electrical or non-electrical) is utilized within 

the separator, the balance equation encompasses binary coalescence, droplet breakage, 

gravity-driven transport, and axial velocity transport. Based on these observations, a 

comprehensive balance equation for the dispersion layers can be expressed as follows: 

𝜕𝑓𝑆𝑆,𝑖(𝑟𝑖,𝑦𝑖,𝑧,𝑡)

𝜕𝑡
= −

𝜕

𝜕𝑧
[𝑢𝑧,𝑖(𝑦𝑖, 𝑧, 𝑡)𝑓𝑆𝑆,𝑖(𝑟𝑖, 𝑦𝑖 , 𝑧, 𝑡)] −

𝜕

𝜕𝑦𝑖
[𝑢𝑦,𝑖(𝑟𝑖, 𝑦𝑖, 𝑧, 𝑡)𝑓𝑆𝑆,𝑖(𝑟𝑖, 𝑦𝑖, 𝑧, 𝑡)] +

𝜕

𝜕𝑦𝑖
(𝐷𝑒,𝑖(𝑟𝑖, 𝑦𝑖 , 𝑧, 𝑡)

𝜕𝑓𝑆𝑆,𝑖(𝑟𝑖,𝑦𝑖,𝑧,𝑡)

𝜕𝑦𝑖
) + 𝑅𝑏𝑏,𝑖(𝑟𝑖, 𝑦𝑖, 𝑧, 𝑡) −

𝑅𝑏𝑑,𝑖 (𝑟𝑖, 𝑦𝑖, 𝑧, 𝑡) + 𝑅𝑐𝑏,𝑖(𝑟𝑖, 𝑦𝑖 , 𝑧, 𝑡) − 𝑅𝑐𝑑,𝑖 (𝑟𝑖, 𝑦𝑖, 𝑧, 𝑡)  ∀ 𝑟𝑖|0≤𝑟𝑖≤∞, 𝑦𝑖|0<𝑦𝑖<𝐻𝑖(𝑡), 𝑧|0<𝑧≤𝐿𝑒
,

𝑡|0<𝑡≤𝑡𝑓
           (39) 

It worth noting that the inclusion of the diffusive term in Eq. 39 is crucial to account for the 

potential existence of a dense pack layer within the system. The detailed explanation of this 

term can be found in Section 2.2.7. The birth and death rates arising from the coalescence and 

breakage terms are defined as follows: 

𝑅𝑏𝑏,𝑖(𝑟𝑖, 𝑦𝑖 , 𝑧, 𝑡) = ∫ 2𝛾𝑡,𝑖(𝑟𝑖
′, 𝑧, 𝑡)𝛽(𝑟𝑖

′, 𝑟𝑖)𝑓𝑆𝑆,𝑖(𝑟𝑖
′, 𝑦𝑖, 𝑧, 𝑡)

𝑟𝑖
3

𝑟𝑖′3

∞

𝑟𝑖
𝑑𝑟𝑖

′  (40) 

𝑅𝑏𝑑,𝑖(𝑟𝑖, 𝑦𝑖, 𝑧, 𝑡) = 𝛾𝑡,𝑖(𝑟𝑖, 𝑧, 𝑡)𝑓𝑆𝑆,𝑖(𝑟𝑖, 𝑦𝑖 , 𝑧, 𝑡)     (41) 

𝑅𝑐𝑏,𝑖(𝑟𝑖, 𝑦𝑖, 𝑧, 𝑡) =

(
3

4𝜋
) ∫ 𝜅𝑆𝑆,𝑖(𝑟𝑖

′, 𝑟𝑖
′′, 𝑦𝑖 , 𝑧, 𝑡)𝑓𝑆𝑆,𝑖(𝑟𝑖

′, 𝑦𝑖, 𝑧, 𝑡)𝑓𝑆𝑆,𝑖(𝑟𝑖
′′, 𝑦𝑖 , 𝑧, 𝑡)

𝑟𝑖

√2
3

0

𝑟𝑖
5

𝑟𝑖
′3

𝑟𝑖
′′5 𝑑𝑟𝑖

′   (42) 

𝑅𝑐𝑑,𝑖(𝑟𝑖, 𝑦𝑖, 𝑧, 𝑡) = (
3

4𝜋
) 𝑓𝑆𝑆,𝑖(𝑟𝑖, 𝑦𝑖, 𝑧, 𝑡) ∫ 𝜅𝑆𝑆,𝑖(𝑟𝑖

′, 𝑟𝑖, 𝑦𝑖, 𝑧, 𝑡)𝑓𝑆𝑆,𝑖(𝑟𝑖
′, 𝑦𝑖 , 𝑧, 𝑡)

1

𝑟𝑖
′3 𝑑𝑟𝑖

′∞

0

            (43) 

When it comes to the birth and death rates associated with breakage, only the break-up 

caused by turbulent fluctuations same as section 2.1.2 is considered (i.e., Eqs 12 and 13). 

However, in the case of laminar conditions, there are other potential mechanisms to consider, 

such as break-up caused by viscous shear stress [26] which is ignored in this model. 

Therefore, breakage terms are only considered in the model when the flow regime is 

turbulent. Accordingly, the computational program employs the appropriate solver based on 

the detected flow regime. Also, the coalescence terms mentioned in the equations above are 

elaborated and discussed in detail in section 2.2.8. 

To determine the turbulent breakage rate, the turbulent energy dissipation rate can be 

computed using the following equation [16]. 
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𝜀𝑖(𝑧, 𝑡) ≈ 0.16𝑅𝑒𝑖(𝑧, 𝑡)2.75(
𝜈𝑖(𝑧,𝑡)3

𝑑ℎ,𝑖(𝑡)4
)       (44) 

In the given equation, 𝜈 stands for kinematic viscosity. It is essential to emphasize that 𝜈 and 

𝑅𝑒 should be computed as an average across the vertical direction. Furthermore, 

𝑑ℎ represents the hydraulic diameter and can be calculated using Eq. 28. 

The balance equation (Eq. 39) is governed by the following boundary conditions. 

𝑢𝑦,𝑖(𝑟𝑖, 𝑦𝑖, 𝑧, 𝑡)𝑓𝑆𝑆,𝑖(𝑟𝑖, 𝑦𝑖, 𝑧, 𝑡) − 𝐷𝑒,𝑖(𝑟𝑖, 𝑦𝑖 , 𝑧, 𝑡)
𝜕𝑓𝑆𝑆,𝑖(𝑟𝑖,𝑦𝑖,𝑧,𝑡)

𝜕𝑦𝑖
= 0     𝑎𝑡 𝑦𝑖 = 𝐻𝑖(𝑡),

∀  𝑟𝑖|0≤𝑟𝑖≤∞, 𝑧|0<𝑧≤𝐿𝑒
, 𝑡|0<𝑡≤𝑡𝑓

           (45) 

𝑢𝑦,𝑖(𝑟𝑖, 𝑦𝑖, 𝑧, 𝑡)𝑓𝑆𝑆,𝑖(𝑟𝑖, 𝑦𝑖, 𝑧, 𝑡) − 𝐷𝑒,𝑖(𝑟𝑖, 𝑦𝑖 , 𝑧, 𝑡)
𝜕𝑓𝑆𝑆,𝑖(𝑟𝑖,𝑦𝑖,𝑧,𝑡)

𝜕𝑦𝑖
=

𝑢𝑖𝑐,𝑖(𝑟𝑖, 𝑧, 𝑡)𝑓𝑆𝑆,𝑖(𝑟𝑖, 𝑦𝑖 , 𝑧, 𝑡)        𝑎𝑡 𝑦𝑖 = 0, ∀  𝑟𝑖|0≤𝑟𝑖≤∞, 𝑧|0<𝑧≤𝐿𝑒
, 𝑡|0<𝑡≤𝑡𝑓

     (46) 

Eq. 45 simply expresses that the net droplet flux is zero at 𝐻𝑖 (top boundary for the oil-

continuous and bottom boundary for the water-continuous). On the other hand, Eq. 46 states 

that the total outlet droplet flux at the interface between the layers is equal to the flux 

resulting from the interfacial coalescence for each respective layer. 

𝑓𝑆𝑆,𝑖(𝑟𝑖, 𝑦𝑖, 𝑧, 𝑡) = 𝑓𝐼𝑆,𝑖(𝑟𝑖, 𝑡)        𝑎𝑡   𝑧 = 0,   ∀ 𝑟𝑖|0≤𝑟𝑖≤∞,   𝑦𝑖|0≤𝑦𝑖≤𝐻𝑖(𝑡),   𝑡|0<𝑡≤𝑡𝑓
    (47) 

Eq. 47 also states that the inlet distribution to the separation section is simply the one from 

the inlet section. The initial conditions are also as follows: 

𝑓𝑆𝑆,𝑖(𝑟𝑖, 𝑦𝑖, 𝑧, 𝑡) = 𝑓𝑆𝑆,𝑖,0(𝑟𝑖, 𝑦𝑖 , 𝑧)        𝑎𝑡   𝑡 = 0,   ∀ 𝑟𝑖|0≤𝑟𝑖≤∞,   𝑦𝑖|0≤𝑦𝑖≤𝐻𝑖(𝑡),   𝑧|0≤𝑧≤𝐿𝑒
 

 (48) 

The moment properties employed for visualizing the simulation results are computed as 

follows: 

𝜙𝑑,𝑖(𝑦𝑖, 𝑧, 𝑡) = ∫ 𝑓𝑆𝑆,𝑖(𝑟𝑖, 𝑦𝑖 , 𝑧, 𝑡)𝑑𝑟𝑖
∞

0
      (49) 

𝜇𝑟,𝑖(𝑦𝑖, 𝑧, 𝑡) =
1

𝜙𝑑,𝑖(𝑦𝑖,𝑧,𝑡)
∫ 𝑟𝑖𝑓𝑆𝑆,𝑖(𝑟𝑖, 𝑦𝑖, 𝑧, 𝑡)𝑑𝑟𝑖

∞

0
     (50) 

 

2.2.4. Flow rate model 

The interfacial coalescence occurs at the interface where the two dispersed layers are in 

contact. Specifically, water droplets from the oil-continuous phase settle and reach the 
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interface level, where they merge with the water-continuous layer. This integration leads to 

an increase in the volume flow rate and, consequently, the velocity of the water-continuous 

layer as well as a decrease in those of oil-continuous layer. A similar process takes place 

within the water-continuous layer. Therefore, it is essential to treat the two layers 

simultaneously in numerical simulations, as they are coupled and interdependent. 

The convective flux for a droplet of size 𝑟 in layer 𝑖 at the interface can be written as below: 

𝑛𝑖𝑐,𝑖(𝑟𝑖, 𝑧, 𝑡) = 𝑢𝑖𝑐,𝑖(𝑟𝑖, 𝑧, 𝑡)𝑓𝑆𝑆,𝑖(𝑟𝑖, 𝑦𝑖, 𝑧, 𝑡)|
𝑦𝑖=0

     (51) 

where 𝑢𝑖𝑐,𝑖 is the equivalent velocity at which the droplet of size 𝑟 leaves the dispersion layer 

i by coalescing into the adjacent layer at the interface. This velocity can be calculated as 

below: 

𝑢𝑖𝑐,𝑖(𝑟𝑖, 𝑧, 𝑡) =
4𝑟𝑖

3𝑡𝑖𝑐,𝑖(𝑟𝑖,𝑧,𝑡)
        (52) 

For a more in-depth understanding of the derivation of Eq. 52, interested readers can refer to 

the previous work [13]. In this equation, 𝑡𝑖𝑐 represents the interfacial coalescence time, which 

denotes the duration for a droplet with size 𝑟 in layer i to fully integrate with the adjacent 

layer after making contact with the interface. This term will be elaborated upon using a 

parallel film drainage model in section 2.2.9. By employing the following term (Eq. 52), it 

becomes possible to calculate the total volumetric flow rate of the dispersed phase over the 

interface. Accordingly, the changes in the volumetric flow rate of layers are governed by the 

below equation: 

𝑑𝑄𝑜𝑐(𝑧,𝑡)

𝑑𝑧
= −

𝑑𝑄𝑤𝑐(𝑧,𝑡)

𝑑𝑧
= 𝑤𝑤𝑐(𝑡) ∫ 𝑢𝑖𝑐,𝑤𝑐(𝑟𝑤𝑐, 𝑧, 𝑡)𝑓𝑆𝑆,𝑤𝑐(𝑟𝑤𝑐, 𝑦𝑤𝑐, 𝑧, 𝑡)|

𝑦𝑤𝑐=0

∞

0
𝑑𝑟𝑤𝑐 −

𝑤𝑤𝑐(𝑡) ∫ 𝑢𝑖𝑐,𝑜𝑐(𝑟𝑜𝑐, 𝑧, 𝑡)𝑓𝑆𝑆,𝑜𝑐(𝑟𝑜𝑐, 𝑦𝑜𝑐, 𝑧, 𝑡)|
𝑦𝑜𝑐=0

∞

0
𝑑𝑟𝑜𝑐    ∀ 𝑧|0<𝑧≤𝐿𝑒

, 𝑡|0<𝑡≤𝑡𝑓
  (53) 

subject to the following boundary condition: 

𝑄𝑖(𝑧, 𝑡) = 𝑄𝑜𝑢𝑡,𝑖(𝑡)    𝑎𝑡   𝑧 = 𝐿𝑒 ,   ∀   𝑡|0<𝑡≤𝑡𝑓
     (54) 

where 𝑄𝑜𝑢𝑡,𝑖 is the outflow from the layer through the outlet nozzles. It is important to note 

that due to the quasi-steady-state assumption, any transient changes in this flow rate will 

immediately propagate and establish themselves along the entire length of the separation 

section. 
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2.2.5. Liquid level transient model 

In the oil and gas industry, separators typically incorporate level control systems. However, 

certain subsea designs rely solely on gravity flow and lack level control mechanisms. In such 

cases, a more complex hydrodynamic analysis becomes necessary to calculate the liquid 

levels. When a level control is employed, the transient model for liquid levels can be derived 

by considering variations in the inflow and outflow of the equipment. The following 

equations can be utilized to account for transient changes in the liquid levels for water and oil 

continuous layers. 

𝐿𝑒
𝑑𝐴𝑜𝑐(𝑡)

𝑑𝑡
= 𝑄𝐼𝑆,𝑜𝑐(𝑡) − 𝑄𝑜𝑢𝑡,𝑜𝑐(𝑡) +

𝑤𝑤𝑐(𝑡) ∫ ∫ 𝑢𝑖𝑐,𝑤𝑐(𝑟𝑤𝑐 , 𝑧, 𝑡)𝑓𝑆𝑆,𝑤𝑐(𝑟𝑤𝑐, 𝑦𝑤𝑐 , 𝑧, 𝑡)|
𝑦𝑤𝑐=0

𝑑𝑟𝑤𝑐𝑑𝑧
∞

0

𝐿𝑒

0
−

𝑤𝑤𝑐(𝑡) ∫ ∫ 𝑢𝑖𝑐,𝑜𝑐(𝑟𝑜𝑐 , 𝑧, 𝑡)𝑓𝑆𝑆,𝑜𝑐(𝑟𝑜𝑐, 𝑦𝑜𝑐, 𝑧, 𝑡)|
𝑦𝑜𝑐=0

𝑑𝑟𝑜𝑐𝑑𝑧
∞

0

𝐿𝑒

0
    𝑡|0<𝑡≤𝑡𝑓

    (55) 

𝐿𝑒
𝑑𝐴𝑤𝑐(𝑡)

𝑑𝑡
= 𝑄𝐼𝑆,𝑤𝑐(𝑡) − 𝑄𝑜𝑢𝑡,𝑤𝑐(𝑡) −

𝑤𝑤𝑐(𝑡) ∫ ∫ 𝑢𝑖𝑐,𝑤𝑐(𝑟𝑤𝑐 , 𝑧, 𝑡)𝑓𝑆𝑆,𝑤𝑐(𝑟𝑤𝑐, 𝑦𝑤𝑐 , 𝑧, 𝑡)|
𝑦𝑤𝑐=0

𝑑𝑟𝑤𝑐𝑑𝑧
∞

0

𝐿𝑒

0
+

𝑤𝑤𝑐(𝑡) ∫ ∫ 𝑢𝑖𝑐,𝑜𝑐(𝑟𝑜𝑐 , 𝑧, 𝑡)𝑓𝑆𝑆,𝑜𝑐(𝑟𝑜𝑐, 𝑦𝑜𝑐, 𝑧, 𝑡)|
𝑦𝑜𝑐=0

𝑑𝑟𝑜𝑐𝑑𝑧
∞

0

𝐿𝑒

0
    𝑡|0<𝑡≤𝑡𝑓

    (56) 

where 𝑄𝐼𝑆,𝑖 can be calculated using the Eqs. 1 and 2. Above Equations describe the transient 

change in the cross-section area of the dispersion layers; however, it is still possible to use the 

geometrical relations to derive transient equation for change in the layer’s heights, 𝐻𝑜𝑐 and 

𝐻𝑜𝑐, which we are more interested in. The mentioned derivation is presented in the 

supplementary material section. Also, the initial conditions for the liquid levels are as below: 

𝐻𝑖(𝑡) =  𝐻0,𝑖    𝑎𝑡   𝑡 = 0        (57) 

At this point, we need to reiterate that the derivation of the level transient equations relies on 

the assumption of quasi-steady state, where flow quickly reaches a stable condition. Eqs 55 

and 56 highlight that the boundary of the independent vertical variable y is not constant. 

Consequently, this leads to a moving boundary problem, which has been addressed by 

employing a time-spatial transformation method presented in the supplementary material 

section. 

  

2.2.6. Droplet velocity  
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The slip velocity, which represents the difference between the velocity of the droplets and the 

continuous phase, depends on both the droplet size and the volume fraction of the dispersed 

phase. Various approaches exist for calculating the slip velocity. In our previous work [13], 

we demonstrated that the slip velocity proposed by Kumar and Hartland [11] yields better 

agreement with experimental data compared to the Richardson-Zaki model [6] and the slip 

velocity formulated using the drag coefficient by Behzad et al. [27]. Moreover, the Kumar 

and Hartland slip velocity model remains valid across a wide range of volume fractions and 

Reynolds numbers. In this study, we employ the mentioned model as stated below: 

0.53𝑢𝑠,𝑖
2 +

12𝜇𝑐

𝑟𝑖𝜌𝑐
𝑢𝑠,𝑖 +

2𝑟𝑖𝑔(𝜌𝑐−𝜌𝑑)(1−𝜙𝑑,𝑖)

3𝜌𝑐(1+4.56𝜙𝑑,𝑖
0.73)

= 0     (58) 

Solving the above equation yields the following equation for slip velocity: 

𝑢𝑠,𝑖(𝑟𝑖, 𝑦𝑖, 𝑧, 𝑡) = [128.16
𝜇𝑐

2

𝑟𝑖
2𝜌𝑐

2 + 1.258
𝑔𝑟𝑖|𝜌𝑐−𝜌𝑑|

𝜌𝑐

(1−𝜙𝑑,𝑖(𝑦𝑖,𝑧,𝑡))

(1+4.56𝜙𝑑,𝑖(𝑦𝑖,𝑧,𝑡)0.73)
]

0.5

−

11.321
𝜇𝑐

𝑟𝑖𝜌𝑐
           (59) 

In sloped sections of a separator, where the angle between the axial direction and the 

horizontal axis is 𝛿, the gravitational acceleration constant (𝑔) should be adjusted to 𝑔𝑐𝑜𝑠(𝛿). 

Having the slip velocity, the droplet velocity can be calculated as below: 

𝑢𝑦,𝑖(𝑟𝑖, 𝑦𝑖, 𝑧, 𝑡) = (1 − 𝜙𝑑,𝑖(𝑦𝑖, 𝑧, 𝑡)) 𝑢𝑠,𝑖(𝑟𝑖 , 𝑦𝑖 , 𝑧, 𝑡)     (60) 

 

2.2.7. Effective diffusion 

To address the potential formation of a dense packed layer, we have introduced an effective 

diffusion coefficient in Eq. 39. Drawing upon our prior research [13], we employ the 

following equation to determine this parameter: 

𝐷𝑒,𝑖(𝑟𝑖, 𝑦𝑖, 𝑧, 𝑡) = 𝐶0,𝑖𝑢𝑦,𝑖(𝑟𝑖, 𝑦𝑖 , 𝑧, 𝑡) (
(𝜙𝑑,𝑖(𝑦𝑖,𝑧,𝑡) 𝜙𝑚,𝑖⁄ )

0.23

(1−𝜙𝑑,𝑖(𝑦𝑖,𝑧,𝑡) 𝜙𝑚,𝑖⁄ )
1.29)   (61) 

The utilization of the aforementioned effective diffusion in Eq. 39 ensures the conservation of 

the volume fraction within the range of 0 to 𝜙𝑚,𝑖. In this study, a value of 0.9 is adopted for 

𝜙𝑚,𝑖, which represents the maximum allowable dispersed phase volume fraction. The specific 

value of 𝜙𝑚,𝑖 can vary based on two key factors: the standard deviation of the droplet size 

distribution and the degree of droplet deformation. The 𝐶0,𝑖 is the model constant and has the 
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functionality of interfacial tension and phase density difference, the numerical value of 

5.1×10-4 m was considered for this parameter similar to the previous work [13]. 

 

2.2.8. Binary coalescence model 

As mentioned earlier, the separation section of most industrial separators operates under 

turbulent flow regimes. In such conditions, turbulence-induced coalescence and breakage 

mechanisms become dominant. However, in cases where laminar flow occurs, buoyancy-

induced and velocity-gradient induced mechanisms become plausible for coalescence. To 

maintain the generality of the model, coalescence is considered as the sum of these 

mechanisms, as shown below: 

𝜅𝑆𝑆,𝑖(𝑟𝑖, 𝑟𝑖
′, 𝑦𝑖, 𝑧, 𝑡) = 𝜔𝑡,𝑖(𝑟𝑖, 𝑟𝑖

′, 𝑧, 𝑡)𝜓𝑡,𝑖(𝑟𝑖 , 𝑟𝑖
′, 𝑧, 𝑡) +  𝜔𝑏,𝑖(𝑟𝑖, 𝑟𝑖

′, 𝑦𝑖 , 𝑧, 𝑡)𝜓𝑏,𝑖(𝑟𝑖, 𝑟𝑖
′)  

            (62) 

The first term can be computed using Eq. 9. In turbulent flow, even with a minimal 

dissipation rate, the turbulent term can significantly outweigh the buoyancy term. Hence, in 

practical terms, the buoyancy-driven coalescence can be disregarded for turbulent flow and 

its application is primarily limited to cases with low Reynolds numbers, corresponding to 

laminar flow regimes, or for simulating transient scenarios such as shutdown cases. The 

binary coalescence resulting from buoyancy forces is taken into account based on the 

approach proposed by Grimes [5]. 

In Eq. 62, coalescence efficiency (𝜓𝑏) and collision frequency (𝜔𝑏) are defined as follows:  

𝜔𝑏,𝑖(𝑟𝑖, 𝑟𝑖
′, 𝑦𝑖, 𝑧, 𝑡) = 𝑘𝑐3,𝑖

𝐾𝐵𝑇

6𝜇𝑐

(𝑟𝑖+𝑟𝑖′)2

𝑟𝑖𝑟𝑖′
[1 + 𝑃𝑒𝑏𝑐(𝑟𝑖, 𝑟𝑖

′, 𝑦𝑖 , 𝑧, 𝑡) +

4.496(𝑃𝑒𝑏𝑐(𝑟𝑖, 𝑟𝑖
′, 𝑦𝑖, 𝑧, 𝑡))1/3]        (63) 

where 𝐾𝐵 is the Boltzmann constant, 𝑇 is the absolute temperature, 𝑘𝑐3,𝑆𝑆,𝑖 is a tuning 

parameter for the model, and 𝑃𝑒𝑏𝑐 is droplet pair Peclet number defined as below: 

𝑃𝑒𝑏𝑐(𝑟𝑖, 𝑟𝑖
′, 𝑦𝑖 , 𝑧, 𝑡) =

6𝜋𝜇𝑐

𝐾𝐵𝑇
𝑟𝑖𝑟𝑖′|𝑢𝑠,𝑖(𝑟𝑖, 𝑦𝑖, 𝑧, 𝑡) − 𝑢𝑠,𝑖(𝑟𝑖

′, 𝑦𝑖 , 𝑧, 𝑡)|   (64) 

where 𝑢𝑠,𝑖 is the droplet slip velocity and can be calculated using Eq. 59.  

The coalescence efficiency is defined by the following equation. 

𝜓𝑏,𝑖(𝑟𝑖, 𝑟𝑖
′) = 𝑒𝑥𝑝 (−𝑡𝑏𝑐(𝑟𝑖, 𝑟𝑖

′))        (65) 

where 𝑡𝑏𝑐 denotes the time of binary coalescence, as indicated by the subsequent equation. 
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𝑡𝑏𝑐,𝑖(𝑟𝑖, 𝑟𝑖
′) =

1.046

𝑘𝑐4,𝑖

𝜇𝑐|𝜌𝑑−𝜌𝑐|𝑔

𝜎
3
2𝐵

1
2

[
𝑟𝑖𝑟𝑖′

𝑟𝑖+𝑟𝑖′
]

9 2⁄

      (66) 

where 𝜎 is interfacial tension, 𝐵 is the Hamaker constant, and 𝑘𝑐4,𝑆𝑆,𝑖 is another tuning factor. 

 

 

 

2.2.9. Interfacial coalescence  

According to Eq. 52, the interfacial coalescence time (𝑡𝑖𝑐,𝑖) serves as a key factor for 

determining the interfacial coalescence velocity and, consequently, the interfacial 

coalescence rate. The interfacial coalescence time was derived by Hahn and Slattery [28], 

who introduced it to analyze the coalescence of a single bubble at a gas-liquid interface. 

Building upon this, Grimes [5] later applied a comparable formulation to investigate the 

interfacial coalescence of a single droplet at a liquid-liquid interface as below: 

𝑡𝑖𝑐,𝑖(𝑟𝑖) = 1.046
𝜇𝑐|𝜌𝑑−𝜌𝑐|𝑔

𝜎
3
2𝐵

1
2

𝑟𝑖
9 2⁄        (67) 

Expressed by Eq. 67, the buoyancy force acting upon an isolated stationary droplet at an 

interface is given by: 

𝐹𝑑𝑟𝑜𝑝(𝑟𝑖) =
4𝜋

3
|𝜌𝑑 − 𝜌𝑐|𝑔𝑟𝑖

3        (68) 

When dealing with a dense packed layer (DPL), the droplets come into contact, leading to an 

increased force due to the stack of droplets upon one another. In such a scenario, the 

incremental volume of the droplets confined within a closely-knit arrangement of densely 

packed droplets over the incremental length of 𝑑𝑧 can be obtained using the below equation: 

𝑑𝑉𝑖,𝐷𝑃𝐿(𝑧, 𝑡) = 𝑤𝑤𝑐(𝑡)𝑑𝑧 ∫ 𝜙𝑑,𝑖(𝑦𝑖, 𝑧, 𝑡)
𝑦𝑖,𝐷𝑃𝐿(𝑧,𝑡)

0
𝑑𝑦𝑖    (69) 

The force exerted by that specific section of the DPL onto the interface can be calculated by 

considering the difference between the gravitational force and the buoyant force for a static 

condition, as shown in the following equation: 

𝑑𝐹𝑖,𝐷𝑃𝐿(𝑧, 𝑡) = |𝜌𝑑 − 𝜌𝑐|𝑔𝑑𝑉𝑖,𝐷𝑃𝐿(𝑧, 𝑡)       (70) 
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Dividing the incremental force by the corresponding incremental surface area (𝑤𝑤𝑐(𝑡)𝑑𝑧), 

the pressure originating from the DPL and applied onto the interface is derived as follows: 

𝑃𝑖,𝐷𝑃𝐿(𝑧, 𝑡) = |𝜌𝑑 − 𝜌𝑐|𝑔 ∫ 𝜙𝑑,𝑖(𝑦𝑖 , 𝑧, 𝑡)
𝑦𝑖,𝐷𝑃𝐿(𝑧,𝑡)

0
𝑑𝑦𝑖    (71) 

In Eq. 71, 𝑦𝑖,𝐷𝑃𝐿 is the DPL thickness. This parameter can be calculated by considering 

critical volume fraction (𝜙𝑐𝑟,𝑖) at which droplets make contact with each other and depends 

on the distribution of droplet sizes [8]. According to the findings of Ruiz and Padilla (1996), 

they determined the value of this parameter to be approximately 0.53 for lower inlet values of 

the dispersed phase volume fraction. Conversely, for instances involving higher inlet volume 

fractions, the critical volume fraction was adopted as the inlet volume fraction. 

For enhanced mathematical tractability, Eq. 71 can be reorganized into the subsequent 

expression: 

𝑃𝑖,𝐷𝑃𝐿(𝑧, 𝑡) = |𝜌𝑑 − 𝜌𝑐|𝑔 ∫ ℎ𝑒𝑎𝑣𝑖𝑠𝑖𝑑𝑒(𝜙𝑑,𝑖(𝑦𝑖, 𝑧, 𝑡) − 𝜙𝑐𝑟,𝑖)𝜙𝑑,𝑖(𝑦𝑖, 𝑧, 𝑡)
𝐻𝑖(𝑡)

0
𝑑𝑦𝑖

            (72) 

Likewise, the force stemming from the height of the DPL, applied to a droplet with a size 

denoted as 𝑟𝑖 that touches the liquid-liquid interface, is approximated by multiplying the DPL 

pressure by the characteristic area of the droplet (𝜋𝑟𝑖
2): 

𝐹𝑖,𝐷𝑃𝐿(𝑟𝑖, 𝑧, 𝑡) = 𝜋|𝜌𝑑 − 𝜌𝑐|𝑔𝑟𝑖
2 ∫ ℎ𝑒𝑎𝑣𝑖𝑠𝑖𝑑𝑒(𝜙𝑑,𝑖(𝑦𝑖, 𝑧, 𝑡) −

𝐻𝑖(𝑡)

0

𝜙𝑐𝑟,𝑖)𝜙𝑑,𝑖(𝑦𝑖, 𝑧, 𝑡) 𝑑𝑦𝑖         (73) 

When dealing with a DPL, the force calculated using Eq. 73 significantly outweighs the force 

of a single droplet. Consequently, the force expression can be generalized by 

straightforwardly summing the two terms as follows: 

𝐹(𝑟𝑖, 𝑧, 𝑡) =  𝐹𝑑𝑟𝑜𝑝(𝑟𝑖) + 𝐹𝐷𝑃𝐿(𝑟𝑖, 𝑧, 𝑡)       (74) 

It is notable that for practical purposes, we can simply ignore the first term in Eq. 74. 

By adapting the squeezing force in accordance with Eq. 74, the resulting interfacial 

coalescence time takes on the following form: 

𝑡𝑖𝑐,𝑖(𝑟𝑖, 𝑧, 𝑡) =
0.25

𝑘𝑐5,𝑆𝑆,𝑖

𝜇𝑐𝐹(𝑟𝑖,𝑧,𝑡)

𝜎
3
2𝐵

1
2

𝑟𝑖
3 2⁄        (75) 
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where 𝑘𝑐5,𝑆𝑆,𝑖 represents a tuning parameter to handle non-idealities such as droplet 

deformation.  

As per Eqs 74 and 75, during the initial stages when the DPL has not yet developed, the 

interfacial coalescence rate is governed by single droplet buoyancy force, yielding a 

relatively low coalescence rate that leads to droplet accumulation and the eventual formation 

of the DPL. However, once the volume fraction crosses the critical threshold, at which the 

droplets come into close contact, DPL force takes charge of the coalescence rate dynamics, 

resulting in a different behavior. 

 

 

 

3. Numerical analysis 

The droplet size coordinates for the dispersed phases in both the water-continuous and oil-

continuous layers (𝑟𝑜𝑐 and 𝑟𝑤𝑐) were discretized using two separate grids. The same grids for 

the internal domain were utilized to discretize both inlet and separation sections. The study 

utilized the orthogonal collocation technique, as described by Villadsen and Michelsen [29], 

in spectral-element framework to discretize the droplet size coordinate. Five elements were 

used for this purpose with elements’ boundaries selected according to inlet droplet size 

distribution and estimated equilibrium distribution. Additionally, same number of collocation 

points were used for all the elements.  

The finite volume method (FVM) was employed with equidistant cells to discretize the 

spatial coordinates (𝑧, 𝑦𝑜𝑐 and 𝑦𝑤𝑐) for transient solution of the problem. In this context, a 

structured mesh featuring equidistant cells in both width and height was employed. For the 

steady-state conditions, FVM discretization was only applied for the vertical coordinate while 

ODE solvers were implemented for the axial coordinate. 

To handle the advection terms, the MUSCL technique described by Anderson et al. [30] was 

used. Central differencing was used to approximate the diffusion terms in the equations. 

Further information regarding grid generation and the truncation of the internal domain as 

well as spatial coordinate discretization is available in [13]. 

Two different computational solvers were developed to handle steady-state and transient 

conditions. For transient conditions, the internal and spatial coordinates were discretized as 
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described. Subsequently, a system of ordinary differential equations (ODEs) with respect to 

time derivatives was formed. To solve this system, the adaptive Gear's backward 

differentiation scheme, introduced by Gear in 1971 [31], was employed. The adaptive nature 

of the scheme allows for efficient and accurate integration of the ODEs over time, adjusting 

the time step size as necessary to maintain stability and accuracy. 

On the other hand, for the steady-state solver, the internal coordinates (𝑟𝑜𝑐 and 𝑟𝑤𝑐)  and the 

vertical coordinates (𝑦𝑜𝑐 and 𝑦𝑤𝑐) were discretized. The subsequent system of ODEs, now 

with axial coordinate derivatives, was then integrated using Gear's method.  

It is important to highlight that the mentioned approach may not be applicable for cases with 

laminar flow since the velocity is zero at the solid-liquid interface. Consequently, the term 

involving the axial derivative at 𝑦𝑤𝑐 = 𝐻𝑤𝑐 for the water-continuous phase becomes zero. 

Alternatively, for such cases, a transient simulation can be employed with an extended 

simulation time to allow the system to reach a steady-state condition.  

Another crucial consideration pertains to ensuring that the droplet's equivalent interfacial 

coalescence velocity (𝑢𝑖𝑐) remains constrained within the bounds of the sedimentation 

velocity (𝑢𝑦) at interface, thereby preventing the emergence of unrealistic numerical results. 

To assess the accuracy and reliability of the computations, the numerical imbalances in the 

systems was calculated and observed during the simulations. Furthermore, the effect of grid 

refinement was examined as a means to ensure the accuracy of the numerical solution by 

increasing the resolution of the computational grids. More details regarding the numerical 

imbalances are presented in the supplementary material section. 

 

4. Experimental section 

Skjefstad et al. introduced the Multiple Parallel Pipe Separator (MPPS) as a novel design for 

bulk oil-water separation [32–34]. This design incorporates multiple parallel pipes, resulting 

in improved settling times and a more compact, modular, and adaptable separator compared 

to existing subsea separator design [34]. Skjefstad constructed a prototype and conducted 

experiments, examining the impact of different design parameters on separation efficiency, as 

well as the influence of surfactants and inlet choking on the performance of the separator. 

Following this, Asaadian performed comprehensive studies on the performance [35,36]. In 
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this work, the same MPPS setup is utilized to evaluate the separation process in pipes and 

investigate the effect of water-cut and flow rate on separation efficiency.  

Figure 2a showcases the components of the prototype MPPS, which include: 

 (1): Tangential Intake: This component utilizes centrifugal forces to generate pre-

separation. The heavier phase (salt water) is directed towards the pipe wall, while the 

lighter phase (oil) is directed towards the center. 

 (2): Internal Device: Positioned in the elbow immediately downstream of the T-

section, this device facilitates the transition from annular flow to a stratified regime. 

Additionally, the T-junction divides the inlet stream into two branches. 

 (3): Descending Pipe Section: incorporated for two purposes, separating gas through 

extraction points on the top (not used in the current study) and perform pre-separation 

and establish a stratified layer upstream of the horizontal section.  

 (4): Horizontal Section: This section spans 3.5 m in length and has an internal 

diameter of 150.6 mm. In this segment, the primary liquid-liquid separation occurs. 

 (5): Ascending Pipe Section: outlet points are in this section. A water-rich stream is 

extracted near the bottom of the pipe, while the oil-rich stream continues to flow 

towards its outlet nozzle. 

 (6): Oil-rich outlet nozzle. 

In the mathematical analysis and conducted simulations that follow, only the descending pipe 

section and horizontal section are considered. 

Furthermore, piping and instrumentation diagram of the experimental set-up together with 

more detailed description of the process is provided in the supplementary material. 
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Figure 2. (a)3D model of MPPS, (b) side view of MPPS including inlet and outlets connections, sampling 

points, and visualization sections [36]. 

Figure 2b presents three designated sampling points positioned at the inlet pipe, as well as the 

beginning and end of the horizontal section. These sampling points are strategically placed to 

extract samples from the dispersion layer, enabling the measurement of the water cut within 

the emulsion layer. Supplementary material showcases the utilization of the Mettler Toledo 

PVM V819 probe, which captures microscopic images from the emulsion layer through the 

designated sampling points. These images allow for real-time droplet size distribution 

measurement of the dispersion layers. Furthermore, four visualization sections are 

demarcated along the transparent horizontal pipe, facilitating the assessment of water and oil 

layer thickness using cameras.  

The experiments utilized distilled water with 3.4 wt% NaCl for the water phase, and mineral 

oil (Exxsol D60) with added surfactant for the oil phase. The surfactant was incorporated into 

the mineral oil at a concentration of 400 ppm to imitate the separation behavior of crude oil-

water emulsions. The amount of crude oil added was determined based on bottle tests, 

ensuring a similar separation time as the crude oil emulsion used in field operations at its 

operating temperature of 60°C. Detailed procedures for fluid preparation and physio-

chemical property measurements can be found in [37]. The physical properties of the fluids 

are provided in Table 1. 

Table 1. Fluid properties 
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Fluid water  oil 

Density [kg/m3]  1020.7   787.45 

Viscosity [cP]  0.99   1.31  

Temperature [degC]  20  

Interfacial tension 

[mN/m]  
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The emulsion exhibited an inversion point at approximately 30 vol% water-cut. For water-

cuts below this point, there is a transition in the continuous phase from water to oil. The study 

also encompassed an analysis of emulsion viscosities. A correlation was fine-tuned for the 

studied emulsion using the Pal Rhodes equation (Eq. 27), as elaborated upon in section 2.2.2. 

Accordingly the model parameter 𝐾𝑃𝑅,𝑤𝑐 was experimentally determined to have a value of  

0.86 [37]. 

 

Additionally, the droplet size distribution (DSD) of the separated phases was measured at the 

entry point of the horizontal section for all the cases examined. These DSDs are detailed in 

the supplementary materials section. 

The water-cuts (volumetric flow rate of water to total volumetric flow rate) of the inlet oil 

and water feed streams were determined through the following calculation: 

𝛼𝑖 =
𝜌𝑖−𝜌𝑜

𝜌𝑤−𝜌𝑜
          (76) 

where 𝑖 denotes the inlet stream (oi: oil inlet stream, wi: water inlet stream). Additionally, the 

inlet stream water cut can be determined using the following equation. 

𝛼 =
𝛼𝑜𝑖𝑄𝑜𝑖+𝛼𝑤𝑖𝑄𝑤𝑖

𝑄𝑜𝑖+𝑄𝑤𝑖
         (77) 

During the experiments, the water cut in the water stream is nearly 100%, and the oil line 

contains almost no water. However, it is important to consider the potential presence of oil in 

the water stream and water in the oil stream due to inadequate separation in the storage tank. 

The water-cut of the outlet stream as well as the separation efficiency were measured at fixed 

extraction ratio, defined as follows:  

𝐸𝑅𝑤 =
𝑄𝑤𝑜

𝑄𝑤𝑖
          (78) 
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where 𝑄𝑤𝑜 is outlet water stream flow rate. The separation efficiency is calculated by 

dividing the flow rate of extraction water by the maximum possible flow of water that can be 

separated at a specified ER. The equation is as follows: 

𝑆𝐸𝑤 =  
𝛼𝑤𝑜𝑄𝑤𝑜

𝐸𝑅𝑤𝛼(𝑄𝑜𝑖+𝑄𝑤𝑖)
         (79) 

 

5. Results and discussion 

The analysis of the experimental data was carried out through the utilization of the model. To 

enhance the numerical manageability of the model for the purpose of parameter estimation, a 

set of assumptions and considerations have been incorporated, taking into account the 

experimental observations. The following is a summary of these assumptions and 

considerations: 

 All experiments feature a single poly-dispersed layer, where water acts as the 

continuous phase. This choice is driven by the fact that the average oil fraction in all 

the experiments consistently remains below the inversion point. Consequently, the 

dispersion model is exclusively applied to the water-continuous layer, and it is 

inferred that the top layer consists of purely oil. Under this premise, it is also 

postulated that at the inlet of the separation section, the flow rate of the water-

continuous phase aligns with the overall inlet flow of the separator. 

 Due to the turbulent nature of the flow across all experiments (2000<Re<105), solely 

turbulent coalescence and breakage phenomena were considered, with the influence 

of buoyancy-induced coalescence deemed negligible. Additionally, given the 

consistently turbulent flow conditions, a simplifying assumption of plug flow was 

adopted. 

 Our analysis of the eddy diffusivity magnitude confirms that axial dispersion can be 

safely neglected in the studied system. 

 The DSD is measured at the inlet of the separation section, leading to the omission of 

the inlet section in the model's scope. The DSD curves are presented in the 

supplementary material section. 

 An assumption is made that the liquid level remains uniform along the separation 

section, irrespective of its sloped or non-sloped segments. In practice, an average 
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value derived from both inlet and outlet levels was employed in the model. The level 

profiles are presented in the supplementary section. 

 Steady-state condition prevail. Notably, all measurements were conducted subsequent 

to the establishment of these steady-state conditions. 

As described, the separation section comprises both a sloped and a horizontal segment. For 

model development, distinct dispersion models were formulated for these two sections, 

namely the descending pipe and the horizontal sections. These two sections differ in the 

determination of droplet sedimentation velocity. Notably, the outlet DSD and flow rate from 

the sloped section are adopted as the inlet boundary conditions for the subsequent horizontal 

section. All the conducted simulations include both sections. 

Six cases were experimentally studied to evaluate the effect of different parameters on the 

water separation efficiency namely, inlet water-cut (30 and 50%) and flow rate (300, 500, and 

700 L/min). All the experiments were conducted at extraction rate equal to 90%.  

As the first level of analysis, all the tuning parameters in the model were set to unity. The 

Retarded Hamaker constant holds significance in this model as another key parameter. 

Typically, this parameter should be determined experimentally; however, due to the absence 

of experimental data for the Hamaker constant in the studied system, we opted to treat it as a 

tuning parameter. Initially, we estimated the Retarded Hamaker constant using Eq. 75 and the 

shrink rate (slope at which DPL thickness changes after forming) measured at the point the 

emulsion layer is completely stablished. This rough estimation involved assuming an average 

droplet size for the DPL emulsion and calculating the Hamaker constant to get the DPL's 

shrinking rate via Eq. 75. This estimated value served as an initial guess, undergoing further 

refinement through a comparison of simulation results and the experimental data on water 

separation efficiency. Ultimately, a numerical value of 7.3 × 10−28 𝑁/𝑚2 was fine-tuned for 

this parameter. 

The model results for dispersed phase volume fraction and average droplet size of water 

continuous layer are presented in Figures 3 and 4 for all the studied cases. 
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Figure 3. Simulation results for oil volume fraction (left) and average droplet size (right) for WC = 30% and 

varying total liquid volumetric flow rates (300, 500, 700 L/min from top to bottom). 
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Figure 4. Simulation results for dispersed phase volume fraction (left) and average droplet size (right) for WC = 

50% and varying volumetric flow rates (300, 500, 700 L/min from top to bottom). 

In Figures 3 and 4, the horizontal axis is the length of the separator starting from the inlet of 

the sloped section and continuing to the end of the horizontal section, where the sloped 

section corresponds to 0 - 1.7 m. 
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In Figure 3, the dispersed phase (i.e., oil) volume fraction is 70%, whereas in Figure 4, 

similar volumetric flows are simulated, but with a lower volume fraction of approximately 

50% for the dispersed phase. 

According to the model assumption stated in Section 5, the bottom layer is an oil-in-water 

dispersion, and the top layer is pure oil. This means there is only transfer of oil droplets from 

the bottom dispersion layer to the top pure-oil layer. As a result of this droplet transfer, there 

is a decline in the total volume of oil in the bottom layer over the length of the separator, as 

depicted in the volume fraction contours in Figures 3 and 4. This volume transfer from the 

bottom dispersion to the top pure-oil layer results in a decrease in the velocity of the bottom 

layer and an increase in the velocity of the top layer, as shown in Figure 5. 

In the initial set of simulations with a higher dispersed phase volume fraction (Figure 3), it 

becomes apparent that the separation process is more challenging and less efficient. This can 

be attributed to the higher hindrance effect caused by the increased volume fraction in these 

cases. Conversely, in Figure 4, the dispersed phase layer forms more rapidly, leading to a 

more efficient separation at the interface. 

Furthermore, in the simulated scenarios depicted in Figures 3 and 4, the total volumetric flow 

rate exhibits an ascending trend from 300 to 700 L/min. The impact of this variation in 

volumetric flow rate on the separation of phases becomes evident. As the flow rate increases, 

there is a noticeable reduction in residence time, thereby affecting the overall separation 

efficiency. Consequently, effective separation is attainable at lower liquid rates, but 

challenges arise at higher rates, necessitating the extension of the separator length in cases 

involving 700 L/min. 

The velocity profiles predicted by the model along the length of the separator are provided in 

Figure 5. 
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Figure 5. Model prediction for velocity profiles along the separator length at different water-cuts and varying 

volumetric flow rates. 

In Figure 5, the velocity of the layer decreases along the length of the pipe separator. This 

phenomenon is attributed to the separation of the oil phase within this layer, subsequently 

being transferred to the upper layer at the interface. 

In simulation cases with a water cut of 50% and lower total volumetric flows (i.e., 300 and 

500 L/min), the velocity experiences a more rapid decrease. subsequently, the velocity profile 

curve becomes notably flat between the lengths of 2 and 4 meters. This flattening is 

indicative of the complete depletion of the layer from the dispersed phase. However, for the 

case with a volumetric flow of 700 L/min, this point is not reached, highlighting the 

inadequacy of the separator length for this scenario. On the contrary, in simulation cases with 

a water cut of 30%, attributed to a higher oil volumetric fraction, the layer velocity curves 

exhibit less pronounced slopes, and no flattening is achieved in any of the cases. 

Notably, the apparent nonlinearity of velocity with respect to flow rate in Figure 5 is due to 

the variations in the liquid levels across the three cases while the velocity still adheres to the 

Eq. 29.  

The comparison of the model prediction and the experimental data for the water separation 

efficiency is provided in Figure 6. 
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Figure 6. Comparison of the experimentally measured water separation efficiency with predications from the 

model for varying water-cuts and volumetric flow rates. 

Figure 6 depicts two water-cuts, each consisting of three distinct operating conditions, with 

flow rates of 300, 500, and 700 L/min. As the volumetric flow has increases, the separation 

efficiency declines as expected due to decreased residence time.  

In the studied experiments, each case has slightly different conditions from others, including 

droplet size distribution and liquid level (details in the supplementary material). 

Consequently, the conducted simulations are specific to these three operating points only, 

resulting in a non-smooth curve.  

The model predictions follow the trend in the experimental data, but there are still differences 

due to the simplifications made in the model. Particularly, it can be attributed to the fact that 

we have set all the tuning parameters to one. However, Further work can be done to refine 

these models by adjusting the tuning parameters, which would require more data to provide 

reliable estimations. 
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6. Conclusion 

A comprehensive model was formulated for 3-phase separators, divided into two primary 

sections: the inlet segment and the separation segment. The inlet section model incorporates a 

spatially homogeneous population balance model that accommodates turbulent droplet 

breakage and coalescence. The calculation of the turbulent energy dissipation rate involved 

an averaging strategy, considering the dynamic head of the multiphase stream in the inlet 

pipe. 

The separation section model encompasses hydrodynamic models and dispersion models. 

The hydrodynamic models address the transported fluid volume between dispersion layers 

and consequent change in the velocity profiles, while the dispersion models account for 

turbulent-induced breakage and coalescence, as well as buoyancy-induced coalescence. This 

adaptability allows the model to be applied under normal operational conditions and during 

transient processes, such as start-up and shut-down scenarios. 

In this investigation, a mathematical expression for the interfacial coalescence time of 

droplets was also developed. This expression is derived from the difference between 

gravitational and buoyant forces within a dense pack layer, establishing a connection between 

the thickness of the dense pack layer (DPL) and the rate of interfacial coalescence. 

Furthermore, transient level dynamics have been integrated into the model, enabling the 

exploration of control schemes and transient upset conditions. To facilitate this, two separate 

solvers have been developed to handle both steady-state and transient problems. 

To validate the mathematical model, predictions were compared against experimental data 

obtained from a multi-pipe separator, demonstrating good agreement. 

There is potential for this work to be continued. In the future, we will focus on the following 

items: 

 Validating cases with two dispersion layers in contact with mutual droplet transfer. 

 Further tuning the model using more experimental data and exploring wider operating 

windows. 
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Nomenclature 

Symbol  definition       unit 

𝐴  cross section area of dispersion layer     𝑚2 

𝐵  Hamaker constant       𝑁𝑚2 

𝐶0  model parameter for effective diffusion coefficient   𝑚 

𝐶1, 𝐶2, 𝐶3, 𝐶4 coefficients in laminar velocity profiles    𝑚 

𝐷𝑒  effective diffusion coefficient     𝑚2𝑠−1 

𝑑ℎ  hydraulic diameter       𝑚 

𝐸𝑅  extraction ratio  

𝑓  radius-based volume density distribution    𝑚−1 

𝐹  squeezing force        𝑁 

𝐹𝑑𝑟𝑜𝑝  squeezing force by a single droplet buoyancy force   𝑁 

𝐹𝐷𝑃𝐿  squeezing force by DPL buoyancy force    𝑁 

𝑔  gravitational acceleration       𝑚𝑠−2  

𝐻  dispersion layer height      𝑚  

𝐾𝐵  Boltzmann constant       𝐽𝐾−1  

𝑘𝑏1, 𝑘𝑏2 empirical tuning parameters used in breakage model  

𝑘𝑐1, 𝑘𝑐2, 𝑘𝑐3, 𝑘𝑐4, 𝑘𝑐5 empirical tuning parameters used in coalescence models  

𝐿𝑒  effective length of the separation section    𝑚 

𝑙  liquid level from bottom of the vessel    𝑚 

𝑚̇  mass flow rate        𝑘𝑔𝑠−1 

𝑛𝑖𝑐  interfacial convective flux      𝑠−1 

𝑃  wetted perimeter       𝑚 

𝑃𝑒𝑏𝑐  droplet pair Peclet number used for binary coalescence 
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𝑃𝐷𝑃𝐿  squeezing pressure by DPL buoyancy force    𝑃𝑎 

𝑄  volumetric flow rate       𝑚3𝑠−1 

𝑅  cylindrical vessel radius       𝑚 

𝑅𝑏𝑏  breakage birth rate for radius-based volume density   𝑚−1𝑠−1 

𝑅𝑏𝑑  breakage death rate for radius-based volume density  𝑚−1𝑠−1 

𝑅𝑐𝑏  coalescence birth rate for radius-based volume density  𝑚−1𝑠−1 

𝑅𝑐𝑑  coalescence death rate for radius-based volume density  𝑚−1𝑠−1 

𝑅𝑒  Reynolds number 

𝑟  droplet radius         𝑚 

𝑆𝐸  separation efficiency 

𝑇  absolute temperature       𝐾 

𝑡  time         𝑠 

𝑡𝑏𝑐  binary film drainage and rupture (coalescence) time  𝑠 

𝑡𝑖𝑐  interfacial film drainage and rupture (coalescence) time  𝑠 

𝑡𝑓  final time        𝑠 

𝑡𝑟  residence time        𝑠 

𝑢  velocity        𝑚𝑠−1 

𝑢𝑖𝑐  equivalent droplet interfacial velocity for a coalescing droplet 𝑚𝑠−1 

𝑢𝑠  slip velocity between continuous and dispersed phases  𝑚𝑠−1 

𝑉  volume        𝑚3 

𝑤  width of dispersion layer formed as a circular segment  𝑚 

𝑊  width of dispersion layer when geometrically mapped to a rectangle 𝑚 

𝑦  vertical direction variable      𝑚 

𝑧  axial direction variable      𝑚 

Greek symbol definition        unit 

𝛼  water cut in the inlet stream 

𝛽  radius-based daughter distribution     𝑚−1  

𝛾  breakage frequency       𝑠−1  

𝛿   angle between the separator's axial direction and the horizontal axis 

𝜀  turbulent energy dissipation rate      𝑚2𝑠−3 

𝜃       central angle for a circular segment      𝑟𝑎𝑑 

𝜅  coalescence rate       𝑚3𝑠−1 

𝜇  dynamic viscosity       𝑁𝑚−2𝑠 
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𝜇𝑟  average droplet radius      𝑚  

𝜈  kinematic viscosity       𝑚2𝑠−1 

𝜌  density          𝑘𝑔𝑚−3 

𝜎  interfacial tension       𝑁𝑚−1 

𝜑  split factor 

𝜙  volume fraction     

𝜙𝑚  model parameter for effective diffusion coefficient  

𝜓  binary droplet coalescence efficiency  

𝜔  binary droplet collision rate      𝑚3𝑠−1 

Subscript  definition       

0  initial condition  

𝑏  buoyancy-induced coalescence  

𝑐  continuous phase  

𝑑  dispersed phase 

𝐷𝑃𝐿  dense packed layer 

𝑖  dispersion layer identifier (oc or wc) 

𝑖𝑛  inlet 

𝐼𝑆  inlet section 

𝑙  liquid mixture 

𝑜  oil phase 

𝑜𝑐  oil-continuous dispersion layer 

𝑜𝑖  oil inlet stream 

𝑜𝑢𝑡  outlet 

𝑆𝑆  separation section 

𝑡  turbulent-induced coalescence / breakage 

𝑤  water phase 

𝑤𝑐  water-continuous dispersion layer 

𝑤𝑖  water inlet stream 

𝑤𝑜  water outlet stream 
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